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Riyazi fizika t nlikl rind t rs m s l l rin özün m xsus yeri var. Bu t rs m s l l r ara-
nliyin m s l l ri xüsusil f rql nir. Bel m s l l rd t nliyin 

h lli il msallar da nam lum olur [1,2 ].
simin r qsl r t nliyinin kiçik h ddinin s l

m s l optimal idar etm m s l sin g tirilir v s l y optimal idar etm n z riy-
y s l d optimal idar

nada diferensial

Açar sözl r: r qs t nliyi, kiçik h ddin rs m s l , optimal idar etm
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s l olur. (1)-(4) m s l si is (1)-(3) m s l sin t rs m s l -(4) 
t rs m s l etm m s l sin g tir k: 

),0(,...,1)(:))(),...,(()(,)),0(()({ 12 TnittttTLtV iiin
n =≤≤=∈= βυαυυυυ -d sanki

5 



h r yerd } sinfind n el )(tυ vektor-

dttgtxuJ
T n

i
ii∫∑ −=

=0 1

2
0 )]();,([

2
1)( υυ (5)

-(3) m hdudiyy tl ri daxilind minimum qiym t versin, 
burada );,( υtxuu = – (1)-(3) m s l sinin )(tυυ = üçün h llidir, niiiii ,...,1,,, =< βαβα -

d dl rdir. )(tυυ = vektor- r edici, V sinfini mümkün 
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Vt ∈= )(υυ idar edicisi üçün (1)-(3) m s l sinin ümumil lli 
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inteqral eyniliyini öd sin. 
[4, s.209-215]-in n tic l rind -(3) m s l sinin veril nl ri 

üz rin rtl r daxilind bu m s l nin )(1
0,2 QW f -

gan ümumil lli var v h min h ll üçün 
][

)(),0(1),0(0)( 22
1
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1
2 QLLWQW

fuucu ++≤ (8)
qiym tl ndirm
Burada v sonralar c il qiym tl ndiril n k miyy tl rd n v mümkün idar -
edicil rd olmayan müxt lif sabitl ed c yik.

Qeyd 1. Qeyd ed k ki, (1)-(3) m s l sinin bel ümumil lli h m d

])},0[];,0([),,0(];,0[:),({ 2

0
1

2 LTC
t
uWTCutxuU ∈
∂
∂∈=

sinfin daxildir v bu h lli Q -d k silm z hesab etm k olar [5, s.307].
2. Optimal idar s l si
Teorem 1. Tutaq ki, (1)-(3), (6) m s l sinin veril nl -

yulm rtl ri öd yir. Onda nTL )),0(( 2 f G
ixtiyari G∈ω üçün 0>β olduqda (1)-(3), (6) optimal idar etm m s l sinin 
yegan h lli var. 
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)(0 υJ V nTL )),0(( 2 f
m nada k silm zliyini isbat ed k.
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Göst r k ki, (9)-(11) m s l sinin h lli üçün ( ) ( ( , )) (13)

qiym tl ndirm
Faedo-Qalyorkin üsulunu t tbiq ed k. Tutaq ki, ∞
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K ,...,1),( = nam tti ikit r-

tibli adi diferensial t nlikl r sistemidir. Bu sistem Nk
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tcd N
K ,...,1,)(
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r n h k ki, rtl ri daxilind birqiy-

m tli h ),0()(
22

2

TL
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Tutaq ki, );,();,(),( υψδυυψδψ txtxtx −+= . (17), (18)-d ),( txδψ

∑ ∑ ∈−−=+
∂
∂−

∂
∂

= =

n

i

n

i
iiii Qtxxxtxuxht

xt 1 12

2

2

2

,),(),(),()()( δδδψυδψδψ (30)               

Ttttx
t Tt

Tt
≤≤==≤≤=

∂
∂=

=
=

0,0),(),0(,0,0,0 δψδψδψδψ (31)

s rh d m s l sinin )(1
0,2 QW -dan olan ümumil llidir.

(24)- analoji olaraq
∑⋅≤
=

n

i TLiQW
txuc

1 ),0()( 2
1
2

),(δδψ

qiym tl ndirm
),0()( 2

1
2 TLQW → sonuncu b rab rsiz-

likd
)()( 1

2
1
2 QWQW

uc δδψ ≤ (32)
Onda (32) v (13)-d ( ) ( ( , )) (33)
(26) düsturundan v -Bunyakovski b rab rsizliyind

∑⋅+⋅+

+⋅+⋅≤′−+′

=

n

i TLiQLQL

QLQLQLQLTL

u

uucJJ
n

1 ),0()()(

)()()()()),0((

.]

[)()(

222

22222

δυβδψδ

δψδψυδυυ ββ

(13) v 0
),0(2

→
TL

δυ olduqda bu b rab r-
sizliyin r fi

)(υυ βJ ′→ V -d n nTL )),0(( 2 - k silm
Teorem 3 isbat edildi.
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rti
Teorem 4. Tutaq ki, teorem 3- rtl ri öd nir. Onda Vttt n ∈= ))(),...,(()( **

1* υυυ
idar edicisinin (1),(3), (6) m s l sind rt 

Vdtttttdxxhtxtxu
T n

i
iiiii ∈∀∫∑ ≥−∫ −+

=
υυυωυβψ ,0))()(]())()(()(),(),([

0 1

*

0

*
** (34)               

b rab rsizliyinin öd nm sidir, burada ),;,(),( ** υtxutxu = );,(),( ** υψψ txtx = funksi-
(3) v (17), (18) m s l l rinin )()( * tt υυ = üçün h ll ridir. 

V nTL )),0(( 2 –d - gör )(υβJ

V nada k silm onun 
V∈υ –d (26) b rab rsizliyi il t yin olunur. Onda [7, s. 28]-d ki 

teorem 5- gör V∈*υ elementind VJ ∈∀≥〉−′〈 υυυυβ 0),( ** b rab rsizliyi öd -
nir. Buradan v (26) düsturundan (34) b rab -
rem 4 isbat olundu.
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THE PROBLEM OF DETERMINING THE COEFFICIENT 
AT THE LOWEST TERM IN THE STRING OSCILLATIONS EQUATION

H.F.GULIYEV, G.G. ISMAYILOVA

SUMMARY

Inverse problems have a special place in the equations of mathematical physics.
Among these inverse problems, the problem of finding the coefficients of the equation is 
particularly differs. In such problems, along with the solution of the equation, the coefficients 
are also unknown [1, 2, 3].

In this work the problem of finding the coefficient at the lowest term in the string 
oscillations equation is investigated. This problem is reduced to the optimal control problem 
and the methods of optimal control theory are applied to the obtained problem. In this problem 
the existence of a control, differentiability of the functional in the Frechet sense and the 
condition of optimality are investigated.

Keywords: equation of oscillations, coefficient at the lowest term, inverse problem, 
optimal control
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OF GROUP ALGEBRAS

V.A.GASIMOV, A.S.MISHCHENKO

SUMMARY

The Hochscild cohomology of group algebra are isomorphic to the classical coho-
mology of the classifying space of the groupoid whose supports belong to families of supports 
in the skeletons of the classifying space of the groupoid generated by an attached group action.

Key words: groupoid, group algebras, classifying space, Hochscild cohomology.
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M qal d rh rtl rind n birin spektral parametrin x
xsusi d dl rinin t krarlanma 

d r c si v müxt növb l r isbat edilir.

Açar sözl r: rh rtl ri, m xsusi d dl rin növb l m si.

1.
Dirak t nliyi k n müasir fizika v lif 

sah l rind n-
liyinin tarixi m nb yi hesab edilir v n z dqiqat sah sidir. 
Bu t rr cikl rin öyr nilm si v n tic d po-
zitronun k n tic l S rb st Dirak t nliyi xarici sah l r v ya 
dig r z rr cikl r rb st h r k t ed n relyativistik elektron v
ya pozitronu t svir edir. Bununla bel , bu t sir göst r n z r-
r cikl rin asimptotik t sviri üçün vacibdir, -

sir göst r n z rr cikl rin bölünm rini s rb st 
[1]. 

r find n veril n birölçülü stasionar 

( ) ( ) ( )xYxYxQxYB λ=+′ )( , (1)

burada ⎟⎟⎠

⎞
⎜⎜⎝

⎛
−

=
01
10

B , ⎟⎟⎠

⎞
⎜⎜⎝

⎛
−

=
)()(

)()(
)(

xpxq
xqxp

xQ , ⎟⎟⎠

⎞
⎜⎜⎝

⎛
=

)(
)(

)(
2

1

xy
xy

xY , −λ spektral parametr,

( ) ( ) [ ]π,0, 1
2Wxqxp ∈ , [ ]π,01

2W is [ ]π,0 m c ml n n
(y ni [ ]π,02L -y daxil olan) mütl q k silm z funksiyalardan ibar t olan Sobolev  
f [ ]π,0 nliyinin v

0)()0( 10 =+ πYAYA (2)
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rh rtl rh d m s l sin baxaq, burada

⎟⎟⎠

⎞
⎜⎜⎝

⎛
−
+

=
0
1

0 ω
βαλ

A , ⎟⎟⎠

⎞
⎜⎜⎝

⎛
=

1
0

1 γ
ω

A , −γβα ,, h qiqi d dl r, −ω kompleks d ddir. 

(1), (2) s rh d m s l sini  ( )βα ,D il ed c yik. 
0=ω olduqda (2) s rh rtl

spektral xass l ri [3-9] v rd öyr - rind
d n periodik, antiperiodik, kvaziperiodik, ümumil

periodik) s rh rtli Dirak sistemi üçün spektral analizin düz v t rs m s l -
l ri h

Bu m qal d 0≠αω olduqda, y rh rtl rind n birin
spektral parametrin x ( )βα ,D s rh d m s l sin

Bu m s l nin m xsusi d dl rinin t krarlanma d r c si v ,21 ββ ≠

21 αα ≠ olduqda iki cüt ( )1,βαD , ( )2,βαD v ( )βα ,1D , ( )βα ,2D s rh d m s l l -
rinin m xsusi d dl rinin növb l r isbat edil

M lumdur [16] ki, 0<α olduqda ( )βα ,D m s l sinin m xsusi d dl ri h -
r yerd f rz ed c yik ki, .0<α

2. M xsusi d dl rin t krarlanma d r c

Tutaq ki, ( )
( )⎟⎟⎠

⎞
⎜⎜⎝

⎛
=

λ
λ

λ
,
,

),(
2

1

xc
xc

xC v ( )
( )⎟⎟⎠

⎞
⎜⎜⎝

⎛
=

λ
λ

λ
,
,

),(
2

1

xs
xs

xS vektor-

t nliyinin 

⎟⎟⎠

⎞
⎜⎜⎝

⎛
=

0
1

),0( λC , ⎟⎟⎠

⎞
⎜⎜⎝

⎛
=

1
0

),0( λS (3)

rtl rini öd y n h ll ridir. Bu h ll -
likl 1- b rab rdir, y ni

1),(),(),(),( 1221 ≡− λλλλ xsxcxsxc .                            (4)
(1) t nliyinin ümumi h lli

( ) ( )λλλ ,,),( 21 xSMxCMxY +=

klind dir, burada 1M v 2M ist nil n sabitl rdir. Buna gör d ( )βα ,D s r-
h d m s l

( )( )λπλ ,det)( 10 eAAd +=                                                 (5)

klind ( ) ( ) ( )
( ) ( )⎟⎟⎠

⎞
⎜⎜⎝

⎛
=

λπλπ
λπλπ

λπ
,,
,,

,
22

11

sc
sc

e

( )βα ,D m s l sinin m xsusi d dl ridir. (5) münasib tind -
lasaq v (4) eyniliyind n istifad ets

( ) ( )+−−= λπγλπωλ ,,Re2)( 12 ccd

( ) ( ) ( ) ( )[ ].,,, 121

2 λπγλπβαλλπω sss ++++ (6)
[17] m qal sind ( )βα ,D m s l sinin m xsusi d dl rinin t

üçün z ruri v rtl k-
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rarlanma d r c
Teorem 1. ( )λd krarlanma d r c si 

ikid n böyük ola bilm z.
. Tutaq ki, ( ) ( ) 000 == λλ dd k ki,  ( ) 00 ≠λd . (4) eyniliyin

sas n
( ) ( ) ( )[ ] ( ) ( ) ( )[ ] .1,,,,,, 121121 ≡+−+ λγλλλγλλ xcxcxsxsxsxc (7)

Bu eyniliyi λ -ya gör iki d f diferensiallasaq v 0λλ = , π=x q bul ets k
( ) ( ) ( )[ ] ( ) ( ) ( )[ ]−+++ 010201010201 ,,,2,,, λπγλπλπλπγλπλπ sscssc

( ) ( ) ( )[ ] ( ) ( ) ( )[ ]−+++− 010201010201 ,,,,,,2 λπγλπλπλπγλπλπ sscccs
( ) ( ) ( )[ ] ( ) ( ) ( )[ ] .0,,,,,, 010201010201 =+−+− λπγλπλπλπγλπλπ ccsccs

Sonuncu b rab rlikd [17]-d n biz m lum olan
( ) ( ) ,0,, 0102 =+ λπγλπ ss ( ) ,1, 01 −=λπω s

(8)
( ) ( ) ,,, 0102 ωλπγλπ =+ cc ( ) βαλλπω −−= 001 ,c

( ) ( ) ( ) ( )[ ] ( ) ( ) =−−+++ 01020102001
2 ,,,,, λπγλπλπγλπβαλλπω ccsss

( ) ( ) ( ) ( )[ ]01020201 ,,,,2 λπλπλπλπω scsc −= .                                  (9) 
λ -ya gör iki d f 0λλ = yazaq: 

( ) ( ) ( ) ( ) ( )[ ]
( ) ( ) ( ) ( )[ ].,,2,,

,,,

01020102

0102001
2

0

λπγλπαλπγλπ
λπγλπβαλλπωλ

sscc
sssd

++−−
−+++=

Burada (9) b rab rliyini n z r alaq: 
( ) ( ) ( ) ( ) ( )[ ] ( ) ( )[ ].,,2,,,,2 0102010202010 λπγλπαλπλπλπλπωλ ssscscd ++−= (10)

M lumdur [20, s. 257] ki,
( ) ( ) ( )

( ) ( ) ( ) ,,,,,

,,,,,

0

0

dttxRtSxs

dttCtxRxc
x

j
T

j

x
T
jj

∫=

∫=

λλλ

λλλ
(11)

burada ( ) ( ) ( ) ( ) ( ) .2,1,,,,,,, =−= jtSxctCxstxR jjj λλλλλ (10) b rab rliyind (11) mü-
nasib tl rini, (7) eyniliyini v (8) b rab rlikl rini n z r almaqla

( ) ( ) ( ) ( ) ( ) −∫⎩⎨
⎧∫=

ππ

λλλλωλ
0

00
0

000 ,,,,2 dttStSdttCtCd TT

( ) ( ) ( ) ( ) .,,,,
0

00

2

0
00 ⎭⎬

⎫∫−⎥⎦
⎤

⎢⎣
⎡∫−

ππ

λλαλλ dttStSdttCtS TT (12)

( )0,λtC v ( )0,λtS vektor- ,0≠ω
0<α -Bunyakovski b rab rsizliyind n istifad etm kl gös-

t rm k olar ki, (12) münasib r rab r deyil, y ni ( ) .00 ≠λd

Teorem isbat olundu.
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3. M xsusi d dl rin növb l si
( )1,βαD v ( )2,βαD ( )21 ββ < s rh d m s l l rinin m xsusi d dl rinin 

k.
Teorem 2. 0Im ≠ω olduqda ( )1,βαD v ( )2,βαD s rh d m s l l rinin )1(

kγ ,
)2(

kγ ( ),...2,1,0 ±±=k m xsusi d dl ri növb l ni 
( ) ...,... )2(

2
)1(
2

)2(
1

)1(
1

)2(1 <<<<<<< ++++ kkkkkk γγγγγγ (13)
0Im =ω olduqda is

...... )2(
2

)1(
2

)2(
1

)1(
1

)2()1( ≤≤≤≤≤≤≤ ++++ kkkkkk γγγγγγ (14)
b rab rsizlikl ri öd nir, bel ki, m s l l rd n birinin t krarlanan m xsusi 
d di dig r m s l nin sad m xsusi d didir.

( ) ( )
( ) =⎟⎟⎠

⎞
⎜⎜⎝

⎛
=

λϕ
λϕ

λϕ
,
,

,
2

1

x
x

x

( ) ( )[ ] ( ) ( ) ( )[ ] ( )λλπγλπωλλπγλπ ,,,,,, 1212 xSccxCss −−++= (15)
vektor- nliyinin 

( ) ( ) ( )
( ) ( )⎟⎟⎠

⎞
⎜⎜⎝

⎛
−−

+
=

λπγλπω
λπγλπ

λϕ
,,

,,
,0

12

12

cc
ss .                                     (16)

rtini öd y n h llidir. (15) b rab rliyind π=x yazsaq v (4) 
eyniliyind n istifad ets k

( ) ( )
( ) ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

−
+=

γλπω
λπωλπϕ

,
,1,

2

1

s
s . (17)

( ) ( ) ( ) ( ),,,, λϕλλϕλϕ xxxQxB =+′ (18)
( ) ( ) ( ) ( )λϕλλϕλϕ ,,, xxxQxB =+′

b rab rlikl rinin birincisinin h r iki t r fini soldan ( )λϕ ,xT -ya, ikincisini 
( )λϕ ,xT -ya vursaq v rab rlikl ri t r f-t r f tic d

( ) [ ] [ ]),(),(),(),(),(),( 2121

2

2

2

1 λϕλϕλϕλϕλϕλϕλλ xxxx
dx
dxx −=+− .

Bu b rab rliyi x - gör ],0[ π (16), (17)-ni n z r

( ) ( )[ ] =∫ +
π

λϕλϕλ
0

2

2

2

1 ,,Im2 dxxxi

( ) ( )[ ] ( )[ ( ) ( )]−+−−+= λπωλπγλπωλπγλπ ,,,Re2,, 1

2

1212 sccss

( ) ( )[ ] ( ) ( ) ( )[ ].,,,Re2,, 1

2

1212 λπωλπγλπωλπγλπ sccss +−−+− (19)
( )jD βα , ( )2,1=j s rh d m s l
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( ) ( )+−−= λπγλπωλ ,,Re2)( 12 ccd j

( ) ( ) ( ) ( )[ ]λπγλπβαλλπω ,,, 121

2 sss j ++++ (20)
klind (20)-y sas n

( ) ( ) ( ) ( )
21

21
12 ,,

ββ
λλλπγλπ

−
−=+ ddss ,                                   (21)

( ) ( ) ( ) =+−− λπωλπγλπω ,,,Re2 1

2

12 scc

( ) ( ) ( ) ( )[ ].,, 12
21

1221 λπγλπαλ
ββ

λβλβ ssdd +−
−
−=

Sonuncu b rab rlikd (21)-i n z r alaq:
( ) ( ) ( ) =+−− λπωλπγλπω ,,,Re2 1

2

12 scc

( ) ( ) ( ) ( ) .
21

21

21

1221

ββ
λλαλ

ββ
λβλβ

−
−−

−
−= dddd (22)

(19), (21) v (22) münasib tl rind n
                                                    ( ) ( )[ ] =∫ +

π

λϕλϕλ
0

2

2

2

1 ,,Im2 dxxxi

( ) ( )
( )

( )
( )

( ) ( )
( ) .

Im2
2

12

2

12

1

2

1

2

12

2

1

ββ
λλλα

λ
λ

λ
λ

ββ
λ

−
−

+
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−

−
=

ddi

d
d

d
dd

Bu b rab rliyin h r  t r fini ( ) 2

12 λdi -a böl k: 
( ) ( )

( )
( ) ( )

( ) ( )
( )
( ) .Im1,,

Im
1

2

120
2

1
2

12

2

12
2

1

2

2

2

1

λ
λ

ββλββ
λλα

λ
λϕλϕ

λ
π

d
d

d

dd
dx

d

xx
−

=
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧
∫

−

−
−

+

0<α rab rliyin sol t r li, 
( )
( )λ
λ

1

2

d
d vini özün inikas etdir

[21, s. 398]-d ki teorem gör ( )λ1d v ( )λ2d -üst m -
y l

0Im =λ olduqda (18) b rab rliyini λ -ya gör
k: 

( ) ( ) ( ) ( ) ( )λϕλϕλλϕλϕ ,,,, xxxxQxB +=+′ .
Bu b rab rliyi soldan ( ) ( ) ( )( )λϕλϕλϕ ,,, 21 xxxT = -ya, (18) münasib tini is

( ) ( ) ( )( )λϕλϕλϕ ,,, 21 xxxT = -ya vurub bir-birind

( ) ( ) ( ) ( ) ( ) ( )[ ]λϕλϕλϕλϕλϕλϕ ,,,,,, 2121

2

2

2

1 xxxx
dx
dxx −=+ .

Sonuncu b rab rliyi ],0[ π x - gör inteqrallayaq v (16), (17)-ni 
n z r alaq:

( ) ( )[ ] =∫ +
π

λϕλϕ
0

2

2

2

1 ,, dxxx

( ) ( )[ ] ( ) ( ) ( )[ ]−+−−+= λπωλπγλπωλπγλπ ,,,Re2,, 1

2

1212 sccss

( ) ( )[ ] ( ) ( ) ( )[ ]λπωλπγλπλπγλπ ,,,,, 1

2

1212 sccss +−−+− .                 (23)
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(21) v (22) münasib tl rind

( ) ( ) ( ) ( )
21

21
12 ,,

ββ
λλλπγλπ

−
−=+ ddss ,

( ) ( ) ( ) =+−− λπωλπγλπ ,,, 1

2

12 scc

( ) ( ) ( ) ( ) ( ) ( ) .
21

21

21

21

21

1221

ββ
λλα

ββ
λλαλ

ββ
λβλβ

−
−−

−
−−

−
−= dddddd

Bu b rab rlikl rd n v (21)-(23)-d n
( ) ( )

( )
( ) ( )[ ]

( ) ( )
( )
( ) .1,,

1

2

12
2

1
2

12

2
21

0
2

1

2

2

2

1

′

⎥
⎦

⎤
⎢
⎣

⎡
−

=
−

−−∫
+

λ
λ

ββλββ
λλα

λ
λϕλϕπ

d
d

d
dddx

d

xx

0Im ≠ω v 0Im =ω z rd n keçir k.
1) Tutaq ki, ω – h qiqi d d deyil. 0<α -d

ki, sonuncu b rab rliyin sol t r ( )λ1d v
( )λ2d li, 

0Im ≠ω olduqda ( )1,βαD v ( )2,βαD m s l l rinin m xsusi d dl ri (13) b ra-
b rsizlikl r sistemini öd yir.

ω - lumdur ki, 
( )( ) ( )( ) ,0,, 12 =+ j

k
j

k ss γπγγπ
( )( ) ( )( ) 0,, 12 =−− j

k
j

k cc γπγγπω
b rab rlikl ri öd nir v n tic d k - zi qiym tl rind ( )( ) 0, ≡j

kx γϕ olur. Bu 
halda (15) v (21) münasib tl rin sas n ( )1,βαD v ( )2,βαD m s l l rinin 
sonlu sayda  üst-üst n v h mçinin t krarlanan m xsusi d dl ri ola bil r. 
Yu rdik ki, bu s rh d m s l l rinin üst-üst y n m xsusi 
d dl ri növb l -d veril n teorem 2-y sas n ( )λjd k-

rarlanan 0γ s
( ) ( ) 0,, 12 =+ λπγλπ ss ,

t nliyinin köküdür, y ni (1) t nliyinin v 0)()()0( 121 =+= πγπ yyy s rh rtl -
rh d m s l sinin m xsusi d didir. Onda (21) düsturundan 

( ) 00 =γjd lumdur [20, s. 241] ki, sonuncu m s l nin m x-
susi d dl ri sad dir. Buna gör d (21)- sas n 0γ ( ) ( )λπγλπ ,, 12 ss + funk-

z. Onda 0γ d di ( )λjd

li, 0Im =ω olduqda (14) b rab rsizliyi öd nir, bu halda ( )jD βα ,

m s l sinin t krarlanan m xsusi d dl ri ( )jD −3,βα m s l sinin sad m xsusi 
d dl ri olur. Teorem isbat olundu.

( )βα ,1D v ( )βα ,2D m s l l rinin m xsusi d dl
yerl n
( )βα ,jD ( )2,1=j s rh d m s l sinin m xsusi d dl ri 

( ) ( )+−−=Δ λπγλπωλ ,,Re2)( 12 ccj
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0Im =ω olduqda is rab rsizlikl ri öd yir:
( ) ( ) ( ) ( ) ( ) ( ) ...,0 2

2
1

2
2

1
1

1
2
0

1
0 ≤≤≤≤≤≤< ++ μμμμμμ

(26)
( ) ( ) ( ) ( ) ( ) ( ) ...,0 2

2
1
2

2
1

1
1

2
0

1
0 ≥≥≥≥≥≥> −−−−−− μμμμμμ

bel ki, ( )βα ,1D m s l sinin t krarlanan m xsusi d di ( )βα ,2D m s l sinin 
sad m xsusi d didir.
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Buradan 
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( )( ) ,02
01 >Δ +μ
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21 >Δ μ
(32)
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01 >Δ −μ
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( )( ) .,...02
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H mçinin (31) sonsuz hasilind ( ) 001 <Δ . Buradan, ( )λ1Δ funksiya-
silm (32) b rab rsizlikl r sistemind
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2
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2 −− μμ ( ) ( )( ),, 2
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2
1 −− μμ ( ) ( )( ),, 2
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0 μμ+

( ) ( )( ),..., 2
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1 μμ
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Analoji olaraq bu prosesi ( )1

kμλ = olduqda ( )λ1Δ

t krar ed r ( ) ( )( )1
0

1
0 , +− μμ

( ) ( )( ),,..., 1
1

1
2 −− μμ ( ) ( )( ),, 1

0
1
1 −− μμ ( ) ( )( ),, 1

1
1
0 μμ+

( ) ( )( ),..., 1
2

1
1 μμ

r birind is
Buradan bel bir n tic y g lirik ki, ( )λ1Δ

( )λ2Δ
Bel likl , ,021 <<αα 0Im ≠ω olduqda ( )βα ,1D v ( )βα ,2D s rh d m s l -

l rinin müsb t v m nfi m xsusi d dl ri (25) b rab rsizlikl r sistemind
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MUTUAL ARRANGEMENT OF THE EIGENVALUES OF THE DIRAK OPERATOR

A.G. FERZULLAZADEH, I.M. NABIEV

SUMMARY

The paper considers the Dirac operator with nonseparated boundary conditions, one of 
which contains a linear function of the spectral parameter. Theorems are proved on the 
multiplicity and intermittency of the eigenvalues of this operator in different cases.

Key words: Dirac operator, nonseparated boundary conditions, intermittency of
eigenvalues.
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ABOUT THE SPECTRUM OF THE PERURBED AIRY OPERATOR

A.Kh.KHANMAMMADOV, N.G.GAFAROVA, C.A.OSMANLI 

SUMMARY 

A perturbed Airy operator on the semiaxis with the Dirichlet boundary condition at zero 
is considered. The spectrum of this operator is studied. The asymptotics of the eigenvalues at 
infinity is found.

Keywords: perturbed Airy operator, Airy equation, Airy functions, self-adjoint 
operator, eigenvalues

38 



1 Fizika-riyaziyyat elml 2022

UOT 519.8

BÖYÜK 

t Universiteti
elnare-sultanova@ mail.ru

sah l ük
ölçülü bir m s l sin M s l nin s m r li  yolla h lli  t hlil olunur. M qs d ölçünün 
yarada bil c yi problemi aradan s l nin özün m xsus xüsusiyy tl rini  n -
z r almaqla buna nec b bd
verir. Birinci s b b istehsal sah l b b is m s l d ki n sayda 
d nl M s l ni diskret hala g tir -
duqda nxr d nli x s l sini h ll etm li oluruq. T klif olunan h ll
sxemi d di misal üz rind bununla da sxemin effektiv olma -
b

Açar sözl r: - s l ,
ikili teoreml r, simpleks üsul, sad iterasiya.

1. M s l+ + ,      ,     0, = 1, ,( ) = ( , ) ,                                                                       (1)

(1) m s l rtl r daxilind h ll olunur:1) 0,2) > 0,3) < ,4) ,       = 1, .
Burada × vahid matrisdir,   , × v + 0, , ,

v , ,  0.
(1) m s l sin sah l tti  

s l si kimi d r. Statik halda bu m s l [1]-d
t qdim olunub (s.256 rti modelin m rtini ifad rti 
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m hsula olan t l bi rti intensivlik vektorunu m ran 
rti bir çox t tbiqi  m s l l rd t

Onda  (1) m s l sin ,    = 1, rtl ri daxilind= + + ,   = 1, , = 0
1) balans t nlikl rini öd y n “ s l si kimi baxmaq 
olar. Burada “ si,  m s l n, n az c rim öd m kl -

l ndirilm sini t min ed n h ll aid ola bil
2. (1) m s l sinin h rhi 

(1)- s l y baxaq+ ,      0,     0,   = 1, ,+ ,= 0                                                                                                                        (2)
(1) m s l sinin optimal h lli = ( , , … , ) maq 

olar ki, > 0, = 1, . Onda x tti re-
min sas n, (2) m s l kild
bil rik: + = ,   0,   0,   = 1, , + ,     = 0.                                   (3) 

(3)  münasib tl rind n d nl rini k ,      0, = 1, ,                                       (4)( .=   ed k.
(4) m s l sinin h lli     = ,    = , ,   = ,     = ,   =  
olsun. Onda ( ) , 0,    ( + ) max ,                                            (5)
m s l sini h ll edib onun optimal h
Sonra = { [1; ]| > 0}, = [1; ]\    
köm yi il t tti t nlikl r  sisteminin h( ) = ( ),     (6)=  ,       

s l nin optimal h llidir.+ ( ) + ,     , ( , ) ,
b) (5) m s l sind = , = ,    = , ,   = ,     = q bul edib 

s l sinin   optimal h llini v onun  köm yi il  v
çox , , … , opti-
mal h ll rini t yin edirik. N tic d (1) m s l si üçün  = ( , , … , ) op-
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timal h llini t rtib edirik.
M s l (5) -in  h llini iki yolla  tapa bil rik. Birinci  yol simpleks üsul yoludur. 
Bu üsulun (1) m s l si  üçün onun spesifikliyini n z r almaqla daha s m r li  

kild istifad -d
d [2]-d t tbiq olunan iterativ yoldur. Bu yol sad iterasiyadan çox da f rq-
l nmir. Onun t tbiqi il veril n h ll alqoritmi t l -

nl yaranan ölçü il
laq dar ç tinlikl çün [3]-d t qdim olunan reduksiya 

sxemind n istifad oluna bil yi il optimal bazis d yi-
nl rinin bir hiss sini (1) m s l si üçün qabaqcadan t yin etm k mümkündür. 

N tic d ilkin m s l nin strukturunu saxlamaqla bel d nl rin d r
onun ölçüsünü azaltmaq olar. Reduksiya h ll olunan m s l (5)
m s l sin d müv ff qiyy tl t tbiq oluna bil r.

3. d di misal= 1,2,3 olmaqla (1) m s l si üçün ilkin veril nl rük:= 0,25 0,250,25 0,25 , = 0,2 0,20,25 0,25 , = 106 , = 166 ,= (2, 1),    = (1, 2),   = (1, 1)
Onda (1) m s l sini bel yaza bil rik:+ + , , 0, = 1,2,3+ +

vv lc b m l ri daxil ed k:=  + ,   = , = ( )
olsun. Onda - ni    =     kimi yaza bil rik.  

s l y s l ni quraq:( )  , 0,   = 1,2,3( + )+ ( + )+ ( + )= 1 üçün ( )  , 0, (7)
m s l sini  h ll edirik. Onun optimal h llinin köm yi il( )  , 0,    (8)

m s l sinin optimal h llini qururuq.= 0.25 0.250.25 0.25 + 0.2 0.20.25 0.25 = 0.45 0.450.50 0.50= ( )    = 0.55 0.450.50 0.50 166 106 = 3.911 ,     < 0. Onda =(0,0)=  (7)-nin optimal h= (16; 6)=  (8) -in optimal h llidir.  = 2 üçün ( )  , 0, ( + ) (9)
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( + )= 3.911 + 0.2 0.20.25 0.25 166 = 3.911 +  4.45.5 = 0.55.5   Onda (9) - rik: 0.5  - 5.5    0.55  - 0.50 1 -0.45 + 0.50 2 0,   0  = 1 ;  0  m s l nin optimal h llin köm yil asan la( ) ,   , 0,   
m s l sinin optimal h llini   x2= 15 111 ;6 =,    = 3 olduqda ( ) ,     0,     ( + ) max
m s l sini  h ll edirik.+ x2 = 0.55 0.450.50 0.50 166 106 + 0.2 0.20.25 0.25 15 1116 =
= 3. 911 +  4. 45. 5 = 0. 55. 5
Bel likl s l ni h ll etm liyik.0.5  - 5.5   0.55  - 0.50 1 -0.45 + 0.50 1, 0,   0, = 1 ;  0  yen  d  optimal h ll kimi = 3  optimal h lli  -ün köm yi il    ( )  , ,    0,  
m s l si üçün = (7; 6)
Bel likl s l sinin   optimal h llini= (16;  6;  15 111 ; 6;   7;   6) 

- –
- 2000, -

2. . -
: - 1986.

3. Hamidov R.H., Mutallimov M.M., Dimension reduction of one multivariable  decision 
malcing problem, Comput.Math., v. 18,  -68. 
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ON ONE LARGE-SCALE DYNAMIC LINEAR PROGRAM
AND ITS SOLUTION

R.H.HAMIDOV, N.K.ALLAHVERDIYEVA, E.B.MAMEDOVA

SUMMARY

One linear programming problem formulated on the base of dynamic balance model is 
considered. An algorithm is developed to solve the problem and to overcome the difficulties 
connected with the large dimension of the problem. A numerical example is solved to illustrate 
suggested way of solving.

Keywords: “Input-output” economical model, linear programming, dual problem, dual 
theorems, simple iteration.
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1 Fizika-riyaziyyat elml 2022

agamaliyeva88@gmail.com

-

1.
[1- -

-

D = [t , t ] × [x , x ]
-z = f(t, x, z, y), (t, x) D = [t , t ] × [x , x ], (1)                                  z(t , x) = a(x), x X = [x , x ], (2)    y(t, x) = g t, x, , z(t, ) , (t, x) [x , x ] × [t , t ] = D. (3)f(t, x, z, y) , g(t, x, , z) – n – -(z, y) (z) t , t , x , x (t < t ; x < x )- a(x)n –
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a = F(x, a, v), x X, (4)                                                      a(x ) = a ,a F(x, a, v)- n
–

, = (x) V(x) V R , x X. (5)

-

(x)
-

[4- a(x) -a(x), z(t, x), y(t, x) -(x)S( ) = a(x ) + G x, z(t , x) dx.                            (6)(a), G(x, z)
( )aaϕ G (x, z). (x) -(x), a(x), z(t, x, ), y(t, x))-

3. (x) (x) = v(x) + v(x) -(a(x), z(t, x, ), y(t, x)) (a(x) = a(x) + a(x), z(t(x) = z(t, x) +z(t, x), y(t(x) = y(t, x) + y(t, x))
-S(v) = S(v) S(v) = a(x ) a(x ) +                         + G x, z(t , x) G x, z(t , x) dx. (7)a(x), z(t, x), y(t, x)a = F x, a(x), v(x) F x, a(x), v(x) , (8)a(x ) = 0, (9)
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z (t, x) = f t, x, z(t, x), y(t, x) f t, x, z(t, x), y(t, x) , (10)z(t , x) = a(x), (11)y(t, x) = g t, x, , z(t, ) g t, x, , z(t, ) . (12)(x), p(t, x), q(t, x) n –
(8) (x)x x x(x) a(x)dx = (x) F x, a(x), (x) F x, a(x), (x) dx. (13)

(10)-(12)p(t, x), q(t, x) Dp (t, x) z (t, x)dxdt == p (t, x) f t, x, z(t, x), y(t, x) f t, x, z(t, x), y(t, x) dx dt, (14)q (t, x) y(t, x)dxdt == q (t, x) g t, x, , z(t, ) g t, x, , z(t, ) dx dt. (15)H t, x, z(t, x), y(t, x), p(t, x), q(t, x) = p (t, x)f t, x, z(t, x), y(t, x) ++ q (t, )g t, , x, z(t, x) .M x, a(x), (x), (x) = (x)F x, a(x), (x) .
-

S(v) = a(x ) a(x ) + G x, z(t , x) G x, z(t , x) dx
p (t, x) z(t, x)dxdt + [p (t , x) z(t , x) p (t , x) a(x)]dx

H t, x, z(t, x), y(t, x), p(t, x), q(t, x)H t, x, z(t, x), y(t, x), p(t, x), q(t, x) dxdt ++ q (t, x) y(t, x)dxdt + (x )a(x ) (x) a(x)dxM x, a(x), (x), (x) M x, a(x), (x), (x) dx. (16)
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S( ) = a(x ) a(x ) + G x, z(t , x) z(t , x)dx
p (t, x) z(t, x)dxdt+ p (t , x) z(t , x)dx p (t , x) a(x)dx

H t, x, z(t, x), y(t, x), p(t, x), q(t, x) z(t, x)H t, x, z(t, x), y(t, x), p(t, x), q(t, x) y(t, x) dxdt ++ q (t, x) y(t, x)dxdt + (x ) a(x ) ( )M x, a(x), (x), (x) M x, a(x), (x), (x) dxM x, a(x), (x), (x) a(x)dx + 0 ( a(x ) ) ++ 0 ( z(t , x) )
0 ( z(t, x) + y(t, x) )dxdt0 ( a(x) )dxM x, a(x), (x), (x) M x, a(x), (x), (x) a(x)dx. (17)

- (t, x), p(t, x), q(t, x) -(x) = M x, a(x), (x), (x) + p(t , x), (18)(x ) = a(x ) ,p (t, x) = H t, x, z(t, x), y(t, x), p(t, x), q(t, x) ,q(t, x) = H t, x, z(t, x), y(t, x), p(t, x), q(t, x) , (19)p(t , x) = G x, z(t , x) .
S(v) = M x, a(x), (x), (x) M x, a(x), (x), (x) dx ++0 ( a(x ) ) + 0 ( z(t , x) )dx0 ( z(t, x) + y(t, x) )dxdt 0 ( a(x) )dx. (20)

- (19)
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- (6).
3.

(8) -z(t, x) = a(x) + f , x, z( , x), y( , x) f , x, z( , x), y( , x) d , (21)y(t, x) = g t, x, , z(t, ) g t, x, , z(t, ) , (22)a(x) = F , a( ), ( ) F , a( ), ( ) ++ F , a( ), ( ) F , a( ), ( ) . (23)
- (23)a(x) F , a( ), ( ) F , a( ), ( ) + L a( ) , (24)z(t, x) a(x) + L [ z( , x) + y( , x) ] d , 25)y(t, x) L z(t, ) . (26)L = > 0, = 1,3

(24), (25) –
[8] a(x) L F , a( ), ( ) F , a( ), ( ) , (27)L = > 0.z(t, x) a(x) + L y( , x) d , (28)L = > 0.

(26) (28)z(t, x) a(x) + L z( , ) d .
z(t, x) L f , a( ), ( ) f , a( ), ( ) +L z( , ) d . (29)

max z(t, x) L f , a( ), ( ) f , a( ), ( ) +
+L max z( , x) dL f , a( ), ( ) f , a( ), ( ) +
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+L (x x ) max z( , x) d .
,max z(t, x) L F , a( ), ( ) F , a( ), ( ) ++L (x x ) max z( , x) d .

max z(t, x) L f , a( ), ( ) f , a( ), ( ) . (30)L = > 0
4.

(x)(x) = , x [ , + )(x), x X\[ , + ). (31)[x , x ) –(x), V > 0+ < x . a (x), z (t, x), y (t, x)a(x), z(t, x), y(t, x)(x) = (x) (x)(x). a (x) L ,   z (t, x) L , (32)   y (t, x) L ,L = > 0,
S(v ) S(v) = S (v) =M x, a(x), , (x) M x, a(x), (x), (x) dx + 0( ) == M , a( ), , ( ) M , a( ), ( ), ( ) + 0( ).

(x)maxM , a( ), , ( ) = M , a( ), ( ), ( ) . (33)[x , x ).
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-
-

5. V -F(x, a, v)- (a, v)
S(v) = M x, a(x), (x), (x) v(x)dx + 0 ( a(x ) )+ 0 ( z(t , x) )dx0 ( z(t, x) + y(t, x) )dxdt0 [ a(x) +                                                            + (x) ]dx.                                                 (34)F(x, a, )a(x) L [ a( ) + ( ) ] , (35)L = > 0.

–a(x) L v( ) , (36)L = > 0max z(t, x) L ( ) , (37)L = > 0 V(x)(x; ) = [w(x) (x)] (38)[0,1] w(x), x X -a(x; ), z(t, x; ), y(t, x; )a(x), z(t, x), y(t, x)(x) a(x; ) ~ , x X,z(t, x; ) ~ , (t, x) D,y(t, x; ) ~ , (t, x) D. (39)
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S (x) + (x; ) S (x) == M x, a(x), (x), (x) dx w(x) (x) dx + 0( ).
V(x)M x, a(x), (x), (x) w(x) (x) dx 0, (40)w(x), x X.

- (6).

-(x), a(x), z(t, x), y(t, x) [x , x )maxM , a( ), ( ), ( ) w = M , a( ), ( ), ( ) ( ). (41)
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POPULYAS YANIN D NAM KASININ B
S HAQQINDA

.

:
-

A.I.AGHAMALIYEVA

SUMMARY

The paper deals the problem optimal control population dynamics using unital 
condition.

Analogues of the maximum principle and the linearized maximum principle have been 
proven for optimality.

Keywords: population dynamics, necessary condition for optimality, Pontryagins 
maximum principle, differential maximum principle, admissible control, integro-differential 
equation.
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ON SOME PROPERTIES OF THE LORENTZ 
– GEGENBAUER SPACES

G.A.DADASOVA
ANAS Institute of Mathematics and Mechanics

gdova@mail.ru

In the paper we introduce Lorentz type space associated with Gegenbauner differential 
operator λG

                    ( ) ( ) ,11 2
1

22
1

2

dx
dx

dx
dxG +− −−= λλ

λ ( ),,0 ∞∈x ⎟
⎠
⎞⎜

⎝
⎛∈

2
1,0λ .

For this spaces the emedding theorems is proved. Moreover, is proved that this space is 
a Banach space.

Keywords: Lorentz- Gegenbauner spaces, Gegenbauer differential operator, emedding 
theorems, rearrangement function.

AMS subject Classification: 42B20; 42B25; 42B35; 47G10; 47B37 

1. Introduction 
For ∞≤≤ p1 let ( ) ( ),, , ++ ≡ RLGRL pp λ be the space of functions mensurable on 

( )∞=+ ,0R with finite norm

( ) ,
1

,

p

R

p

p
shtdtchtff ⎟

⎠
⎞⎜

⎝
⎛
∫=
+

λ
∞<≤ p1 ,

( ) ,sup
,

chtfessff
Rt +∈

∞∞
==

λ
∞=p .

Suppose f is a measurable function defined on +R . For any measurable set
+∈RE ,  let tdtshE

E
∫= λ

λ
2 . The distribution function λ*,f of the function f is given 

by (see [3]) 
( ) ( ){ }

λλ schxfRxsf >∈= + :*, ,  for  0≥s .
The distribution function λ*,f is non-negative, decreasing, and continuous from 
the right (see [3]).
With the distribution function we associate the decreasing rearrangement of f
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on +R defined by (see[3])

,
2

)(:0inf)( *,
*,

⎭
⎬
⎫

⎩
⎨
⎧ ≤≥= tshsfschtf λ

λ for 0≥t .

In the paper by analogy with [2] , we introduce the Lorentz-Gegenbauer space 
which we denote ( ) ( )++ = RLGRL qpqp λ,,, , ( ]∞∈ ,, oqp as the class of measurable 
functions f on +R such that the functional ∞<

λ,,qp
f , where

( ) ∞=

∞<<

⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

⎟
⎠
⎞⎜

⎝
⎛

⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

∫ ⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
⎟
⎠
⎞⎜

⎝
⎛

=

>

∞

ifq

qif

chtftsh

tsh

dtchtftsh

f

q

p

t

q

p

qp

,

0,

2
sup

2

)(
2

1

*,

1

0

0

*,

1

,,

λ

λ

λ

Remark 1.1 Note that if qp = then ( ) ( )++ ≡ RLGRL ppp λ,, , (see[3], Proposition 3.5).
Remark 1.2 For the )(,, +RL qp λ space, the case ∞=p and ∞<< q1 is not if any 
interest. The reason for this is that ∞<

∞ q
f

,,λ
implies 0=f a.e on +R . This can 

be seen by using the following argument: Assume that ( )+∞ RL q λ,, is a not trivial 
space. Then there exists a nonzero function )(,, +∞∈ RLf q λ which mean that there 
exists 0>c and a set +∈ RA of positive measure such that cchxf >)( for all 

Ax∈ .
Then

( ) ( )∫≥∫=
∞∞

∞
0

*,

0

*,

,,

2

)(

2
tsh

dtchtftsh

dtchtff A
qq

q

λλ
λ

χ

=∫≥

2
0 tsh

dtc
A

q
λ

22

22
0 tshtch

dttch
c

A
q ∫≥

λ

λ
λ

λλ

A
qAq tsh

A
ch

c
tsh

tshd

A
ch

c
0

0 2
log

2

2

2

2

2

2
⎟
⎠
⎞⎜

⎝
⎛=

⎟
⎠
⎞⎜

⎝
⎛

∫≥

∞=⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
∞+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
≥

2
log

2

2 λ

λ

A
sh

A
ch

cq

Hence, we have a contradiction which implies that the only element in ( )+∞ RL q λ,,

is the zero functions.
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2. Some properties of ( )GRL qp ,, + space
Denote by ( )+RWLp λ, the weak space defined as the set of locally integrable 

functions on +R with the finite norm (see, for example [4])

{ }( )p

tRWL
tchxfRxtf

p

1

0)(
)(:sup

,
λ

λ

>∈= +
>+

for all ∞<≤ p1 .
Lemma 2.1. Let ∞<≤ p1 . Then the spaces ( )+∞ RLp λ,, and )(, +RWLp λ coincide and 
their norms are equivalent.
Proof. Suppose that ( )+∞∈ RLf p λ,, . Then there exists 01 >C such that               

( ) .
2

1

1
*,

ptshCchtf
−

⎟
⎠
⎞⎜

⎝
⎛≤λ

Hence the distribution function λ*,f of f satisfies 
ptshCtshsfschtf
1

1*,
*,

22
)(:0inf)(

−

⎟
⎠
⎞⎜

⎝
⎛≤

⎭
⎬
⎫

⎩
⎨
⎧ ≤≥= λ

λ 0>t

and we obtain (see [2], Proposition 3(iv))

( )( )
2

))
2

(( *,
*,

1

1*,

tshchtfftshCf p ≤≤
−

λ
λλ 0>t .

Taking stshC p =
− 1

1 )
2

( , we have

( ){ } pp

p

CschtfRts
s

Csf 1
1

*, :)( ≤>∈⇔⎟
⎠
⎞⎜

⎝
⎛≤

λλ

( ){ } ( )++ ∈⇔≤>∈⇔ RWLfCschtfRts p
p p

λλ ,1

1

:

Conversely, let ( )+∈ RWLf p λ, . Then there exists 02 >C such that for all 0>s

( ) psCsf −≤ 2*,λ .
Since λ*,f is a decreasing function, again by the Proposition 3(iv) in [3], we get 

( ) ( )( ) ssffscf p ≤≤−
λ

λλ
*,

*,
2

*, .
Then  taking chtsC p =−

2 , we obtain
p

p

tsh

C
cht
Cchtf

1

2

1

2*,

2

)(
⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

<⎟
⎠
⎞⎜

⎝
⎛≤λ .

Thus p
p

Ctshchtf
1

2

1

*,

2
)( <⎟

⎠
⎞⎜

⎝
⎛λ

And consequently )(,, +∞∈ RLf q λ .
Lemma 2.2 For every   [ ] +⊂∈ RAt ,0 the inequality  teshtt A≤≤ is true.
Proof. We consider the function tshttf −=)( . From 01)(' ≥−= chttf is follows 
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that ( )tf a increasing on +R . Therefore, the function )(tf takes the smallest 
value at 0=t , 0)0( =f , consequently  .0)( tshttf ≥⇔≥
We prove the right-hand side of the inequality.

12
2

2 +⋅⋅≤⇔≤−⇔≤
−

tAtA
tt

A eteeteeetesht .

Find the minimum function .12)( 2ttA eteet −+=ϕ
( ) ( ) tAtAAttttA eteeteeeeteeet ≥+⇔≥−+⇔−+= 1022)(2)( 2'ϕ , consequently )(tϕ have 

minimum in the point 0=t , 0)0( =ϕ .
Then teshteteet AttA ≤⇔≥⇔≥ 220)(ϕ .
Lemma 2.3. Let ( ).,0, ∞∈qp Then the ( )GRL qp ,, + space is a linear and the 
functional 

λ,,qp
⋅ is a quasi-norm.                       

Proof. To prove that ( )GRL qp ,, + is a linear space we need to show that 
( )GRLgf qp ,, +∈+ and ( )GRLaf qp ,, +∈ for any f and g be two arbitrary elements 

in ( )GRL qp ,, + . In fact, from the inequality (see [1], Lemma 2.2) 
( ) )()()( 2

*,
1

*,
21

*, chtgchtfchtchtgf λλλ +≤++ 0, 2,1 ≥tt

we have

)
2
1(

2
1)()( *,*,

21
*, chtgchtfchtchtgf λλλ +⎟

⎠
⎞⎜

⎝
⎛≤++ .

Taking into account that λ*,f and λ*,g are decreasing, we obtain

)
2

(
2

)()( *,*,*, tchgtchfchtgf λλλ +⎟
⎠
⎞⎜

⎝
⎛≤+ 2≥t

since 
2

2 tchcht ≥ for all 2≥t . Let [ )AE ,2= since ( ) ( )λλ μμ ,, +⊂ RE is a finite 

measure space, then the distribution λ*,f is bounded 
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Hence, ( )GRL qp ,, + is a linear space for all ∞≤< p0 and ∞<< q0 . Moreover, 
from our proof above follows that the functional  
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p
is a quasi-norm.                            
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From this by Lemma 2.2 we obtain
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Together with (2.1) this follows that               
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For any measurable +⊂ RE such that tE ≤

λ
the following inequality are valid 

(see [3]. Proposition 3.6)
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The right hand side is a function which is defined for all ∞≤< t0 . This 
function is of great importance for the ( )GRL qp ,, + spaces and its application (see 
[3]).
A formal definition is as follows.
Definition 2.5 The function ( ) [ ]∞→∞ ,0,0:**,λf is defined as ( ) ( )dtchtf
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Theorem 2.6 Let ( ),...2,1,, =nfgf n measurable functions on +R . Then
(i) λ**,f is decrecising and continuous on +R .
(ii) ( ) ( )chtfchtf λλ **,*, ≤ for 0>t .
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Proof. (i) The continuity of ( )chtf * follow directly from the continuity of 
the integral so the only thing left to prove is that ( )chtf λ**, is decreasing. 
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In the future we will need the following inequality (see [3], Lemma 2.3).
Theorem A. Let ∞<≤< qp1 and v and w be two functions measurable 
and positive a.e. on ),( ∞o . Then there exists a constant C independent of 
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From (2.4) and (2.5) follows (2.3).                        
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Theorem 2.10 (Completeness ). The ( )GRL qp ,, + space  with the quasi-norm  
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Then (see[3], Proposition 3.1 (iii))
( ) ( ) ( ) ( )chtffchtff NnkN k

λλ *,*, inflim −≤−
→∞

for all 0>t and consequently we get by using Fatou Lemma that
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⎬
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⎧
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∞ λ

λ
( ) ( )
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Nnk
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tsh

dtchtfftsh
k

1

0

*,

1
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2 ⎪

⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

∫ ⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
−⎟

⎠
⎞⎜

⎝
⎛≤

∞

∞→

λ

( ) ( )
qq

Nn

p

k tsh

dtchtfftsh
k

1

0

*

1

2
2

inflim
⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

∫ ⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
−⎟

⎠
⎞⎜

⎝
⎛≤

∞

∞→ λ,,
inflim

qpNnk
ff

k
−=

→∞
.

Hence 
0

,,
→−

λqpNff as ∞→N .
Since also NN ffff +−= , ( )GRLf qp ,, +∈ and this proves that ( )GRL qp ,, + is 
complete for ∞<< p0 and ∞<< q0 .
For ∞<< p1 and ∞<< q1 , ( )GRL qp ,, + can be considered a normed space by 
Theorem 2.3. Since it also is complete by the first part of the proof it 
follows that ( )GRL qp ,, + is a Banach space. In case 1== qp by Remark 1, 

( ) ≡+ GRL qp ,, ( )+RLp λ, , which is a Banach space ∞<≤ p1 , (see [6], Proposition 
5.1).            
Theorem 2.11 The set of all simple integrable functions S is dense in 

( )GRL qp ,, + for ∞<< p0 and ∞<< q0 .
Proof. Let ∞<< q0 and let ( )GRLf qp ,, +∈ be arbitrary. To prove that the set 
of all simple functions is dense in ( )GRL qp ,, + we show that we can find a 
sequence of simple intrgrable functions { }nS such that 0

,,
→−

λqpnSf as 
∞→n . We can without loss of generality, assume that f is positive and 

therefore there exists a sequence of simple integrable functions such that 
fsn ≤≤0 for all Nn∈ and fsn → as ∞→n . Hence, by inequality (see 

proof Lemma 2.3)

( ) ( ) ⎟
⎠
⎞⎜

⎝
⎛≤⎟

⎠
⎞⎜

⎝
⎛+⎟

⎠
⎞⎜

⎝
⎛≤−

2
2

22
**** tchftchstchfchtsf nn

and if we apply Lebesgue’s Dominated Convergence Theorem we obtain 
that

( ) ( ) 0

2
2

limlim
0

*

1

,,
=∫ ⎥

⎥

⎦

⎤

⎢
⎢

⎣

⎡
−⎟

⎠
⎞⎜

⎝
⎛=−

∞

∞→∞→ tsh

dtchtsftshsf

q

b

p

n

q

qpnn λ

Since f was arbitrary this shows that ( )GRLS qp ,, += , that is S is dense in 
( )GRL qp ,, + .
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The main purpose of this paper is to find the explicit formules for holomorphic functions 
in the associative commutative nilpotent algebra of order 4.

Keywords: Associative and commutative algebra; holomorphic functions; Cauchy-
Riemann conditions

Mathematics Subject Classification: 30G35, 53C15

1. Introduction
We consider a 4-dimensional associative and commutative algebra 4Α over R
with basis { , , , } = {1, , , }, = 0  and structure constants α :

α = α   , α , , = 1,2,3,4
This concept has lots of applications in many fields of fundamental sciences; 
such, algebraic geometry, Riemannian geometry, theory of lifts in bundles, we 
refer the reader to [1, 2, 3, 4].

Let 4z x eα
α= ∈Α be an algebraic variable, where ( 1,2,3,4)x Rα α∈ =

are real variables. We introduce an algebraic function 4( )w w z= ∈Α of va-
riable 4z∈Α in the following form

( ) ,w y x eβ
β=

where 1 2 3 4( ) ( , , , ), 1, 2,3, 4y x y x x x xβ β β= = are real-valued ∞C - functions.  
Let α

αedxdz = and α
αedydw = be the differentials of z and )(zw , respec-

tively. We shall say that the function )(zww = is an Α -holomorphic function 
if there exists a function )(' zw such that 

dzzwdw )('= .
We shall call )(' zw the derivative of )(zw .

We now construct a matrix of order 4 × 4 in the following form: = , = 1,2,3 ,4,
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where Cγ
αβ are structure constants of algebra 4Α , γ denotes rows and β

denotes columns of matrices Cα . Since 4Α is associative, i.e. 
( ) ( )e e e e e eα β γ α β γ= , we have

C C C Cσ ε σ ε
αβ σγ βγ ασ= .                                                    (1)

Using matrices ( ) ( )C C Cγ γ
α αβ βα= = , from (1) we find

,C C C Cσ
β γ βγ σ=

i.e. an algebra of matrices ( ) { , }C x C x Rα α
α= ∈A is an isomorphic represen-

tation of algebra 4 { , }x e x Rα α
α= ∈A and is called the regular representation 

of 4Α .
The function )(zww = is Α -holomorphic if and only if the generalized 

Cauchy-Riemann conditions hold [1, 4]:

σ = σ      σ = σ , σ = 1,2,3,4,                             (2)
where σ = σ and = is the Jacobian matrix of ( ) .

2. 4Α -holomorphic functions
Let now  4Α be an algebra of order 4  with a canonical basis { , , , } = {1,  , ,  },  = 0
From = 1, = 0, = 0, = 0, = 1, = 0, = 0= 0, = 0, = 1, = 0, = 0, = 1, = 0 = 0, = 0, = 1, = 0, = 0, = 0, = 0= 0, = 0, = 0, = 1, = 0, = 0, = 0= 0, = 0, = 0, = 0, = 0, = 0, = 0= 1, = 0, = 0, = 1, = 0, = 0, = 0

 
we see that the matrices = , = 1, 2, 3, 4 of regular representation 
of algebra  4Α have the following forms

= 1 0 0 00 1 0 000 00 10 01 , = 0 0 0 01 0 0 000 10 01 00 , 
= 0 0 0 00 0 0 010 01 00 00 ,        = 0 0 0 00 0 0 001 00 00 00  .
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If  = 4 , then from (2) we have =
or + + += + + +   .
From here, using components of 4C , for the case of  = 1,  we obtain+ + + =    
or = 0 ( = 1), = 0 ( = 2), = 0 ( = 3),  =   ( = 4) .   (3)
For the case of = 2, we obtain+ + + = 0  
or

 = 0 (4)
Similarly, for cases of  = 3 , = 4 , we have

 = 0 ,  = 0 (5)
respectively. Thus from (4) and (5) we have

1( ).y y x= (6)
If = 3, then from (2) we have=+ + += + + +

For the case  of  = 1, from here we obtain+ + + =     
or = 0 ( = 1), = 0 ( = 2),  =   ( = 3),  =   ( = 4) (7)
For the case of  = 2, we obtain+ + + =
or = 0 ( = 1), = 0 ( = 2),  =   ( = 3),  =   ( = 4) (8)
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Similarly, for cases of  = 3 , = 4 , we have

 = 0 ,  = 0 (9)
respectively.

If = 2 , then the generalized Cauchy-Riemann conditions have the 
following form =   
or + + + = + + + .
For the case of  = 1, we obtain+ + + =  .
For = 1 = 0 .
For = 2 =  . (10)
For  = 3 =   . (11)
For  = 4 = .                                                       (12)
For the case  = 2, we obtain+ + + =  .
For  = 1 = 0 .
For  = 2 = = 0 . (13)
For  = 3 = = 0. (14)
For  = 4 =  . (15)
For the case of  = 3, we obtain+ + + =  . 
For  = 1
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= 0 .
For  = 2 = = 0 . (16)
For  = 3 = = 0 . (17)
For  = 4 = = 0 . (18)
For the case of  = 4, we obtain+ + + = 0 .
For  = 1 , we obtain the identity 0=0.
For  = 2 = 0 .
For  = 3 = 0 .
For  = 4 = 0 .
Thus, from (3) – (18) we see that the 4Α - holomorphic function= ( ) = ( , , , ) + ( , , , ) + ( , , , )+ ( , , , ),
where = + + + , the generalized Cauchy-Riemann 
conditions reduces to the following equations:

       = = = ,                          ( )= ,      = = 0,                 ( )=  ,    = ,    = 0 .    ( )
From (6),  ( ) and ( ) we have = ( ),= ( , ),= ( , , ),= ( , , , ).         
Also from ( ) we have
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( , ) = + ( ) ,                                                                         ( , , ) = + ( , ) ,                                                           ( , , , ) = + ( , , ) .                                             
After substituting of  and into equation ( ), we find= ( ) + ,
i.e. ( , ) = 12 ( ) ( ) + + ( ) ,
where = ( ) and = ( ) are arbitrary functions.  Thus= + 12 ( ) ( ) + + ( ) .
After substituting values of and  into  ( ) ,  we find= ( ) + 12 ( ) ( ) + ( ) + ( ) ,
i.e. ( , , ) = ( ) + 13! ( ) ( ) + 12! ( ) ( ) ++ ( , ) .
Therefore,= + ( ) + 13! ( ) ( ) + 12! ( ) ( ) ++ ( , ) .
We note that  ( , ) = ( ). In fact, from the equation = of ( ) we have = ( ) + ( , )  ,         = 12 2 ( ) = ( )  ,
from which follows that    , = 0    = ( ).
Thus the 4Α -holomorphic function ( )w w z= has the following expression
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( ) = = ( ) + + ( )
+ + 12 ( ) ( ) + + ( )
+ + ( ) + 16 ( ) ( ) + 12 ( ) ( )+ + ( )  .

3.  Generalization
Similarly, if ( , … , ) = ( , … , ) + ( , … , ) + ( , … , )+ ( , … , )
where = + + + , = 1, … , is a multi-variable 4Α -
holomorphic function, then the function = ( , … , ) has the following 
specific form:( , … , ) = ( , … , ) + + ( , … , )+ + 12! +

+ ( , … , )+ + + 13!+ + ( , … , ) + ( , … , ) .
If ( , … , ) = ( , … , ) = ( , … , ) = 0 and ( , … , ) =( , … , ), then the function( , … , ) = ( , … , ) + + + 12++ + +
is said to be natural extension of the real ∞C - functions 1( ,..., )nf f x x= to 4 .Α
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D = [t , t ] × [t , t ] a(x) -n - U R -(t, x) x - tr -U(t, x) U R , (t, x) D (1)
-

-

z (t, x) = A(t, x)z(t, x) + B(t, x, )z(t, ) ++ C t, x, , (t, ) + f t, x, (t, x) , (t, x) D, (2)z(t , x) = a(x), x [x , x ] (3)A(t, x), B(t, x), (n × n) -C(t, x, , ) f(t, x, )n -
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a(x) - n
[1, 2]) (t, x) -t x z(t, x) – (3). T (t , t ], i = 1, k, (t < T < T < T t )

-

                                 ( ) =  ( ) ( , )                                             (4)
– (3).( ), = 1, n -( , )

-( , ), ( , ) -

( , ), ( , )
( ) ( ) ( )( ,,,, xtuxtuxtu Δ+= z(t, x) = z(t, x) + z(t, x)   

( ) = ( ) ( ) =  ( ) ( , )   (5)( , ) ( , )
z (t, x) = A(t, x) z(t, x) + B(t, x, ) z(t, ) ++ C t, x, , (t, ) C t, x, , (t, ) + f t, x, (t, x) f t, x, (t, x) , (6)( , ) n -

( , ) ( , ) = ( , ) ( , ) ( , ) +
+ ( , ) ( , , ) ( , ) +

+ ( , ) , , , ( , ) , , , ( , ) +
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+ ( , ) , , ( , ) , , ( , ) . (7)

, , ( , ), ( , ) = ( , ) , , ( , ) ++ ( , ) , , , ( , ) ,( , ) ( , , ) = , , ( , ), ( , ) , , ( , ), ( , )
( , ) ( , ) = ( , ) ( , ) ( , ) ++ ( , ) ( , , ) ( , ) + ( , ) [ , , ] (8)( , , , )

( ) = ( ) ( , ) +
+ ( , ) ( , ) ( , ) ( , ) ( , )( , , ) ( , ) ( , ) ( , ) [ , , ] (9)( , ) = 0 ( , )( , ) = ( , ) .

( , ) = ( , ) . (10)( ) [ , ].
( , ) = ( ) ( , ) .

( ) = ( ) ( ) ( , )
( , ) ( , ) ( , ) ++ ( , , ) ( , ) ( , )( , ) [ , , ] (11)(t, x) -(t, x)
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( , ) = ( , ) ( , )  + ( , , ) ( , ) ( ) ( ), (12)

( ) = ( , ) [ , , ] . (13)

( , )
– ( ) [ , , ] 0,                                  (14)( ) , [ , ], [ , ).( )[ , )( , ) [ , ].(t, x)( + ) ( ) 0, (15)( , ) ( , ).( ) , [ , ]

- [ , )( , ) > 0+ < . ( , )
( , ; ) = ( ) ( , ), ( , ) [ , + ) × [ , ]0, ( , ) [ , + ) × [ , ]. (16)

( , ) + ( , ; ) ( , ) = ( ) [ , , ] + 0( ) 0
( )( , ) , [ , ], [ , ).

( , ) [ , , ] 0[ , )( , ) [ , , ] 0,

( ) ( ) = ( , ) [ , , ] 0,( , ) , [ , ), [ , ].
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( , , … , )
( ) = , ( , ), ( , ), , ( , ) , (17)

– (3).

( , ) ( , ) + ( , ).S( ) = ( +  ) ( ) =, ( , ), ( , ), , ( , ) z(T , x)dx + 0 z(T , x) dx.    (18)0( ) 0 0,== ( , , … , ) = | |.
-( , , , ) = ( , , ) + ( , ) , , , ( , ) ,p(t, x) n - -

( ) ==  ( ) , ( , ), ( , ), , ( , ) ( , )  ++ ( , ) ( , ) ( , ) ( , ) ( , )( , , ) ( , ) ( , )( , )M[t, x, p]dxdt + 0 z(T , x) dx. (19)( , )( , ) = ( , ) ( , ) + ( , , ) ( , )
( ) , ( , ), ( , ), , ( , )

( ) =  ( , ) [ , , ] + 0 ( , )  (20)( , , … , )
0 ( ( , ) )  0.
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( ) ( , ) [ , , ] (21)

(t, x)
–                            ( )M[ , x, p] 0 ,                                         (22)[ , ) ( ) , [ , ].

1.
- - -

191-195.
2. -

- - -

M qal d tti, Fredholm tipli inteqro-diferensial t nlikl r
sistemi il t svir ed n bir optimal idar etm m s l sin

kilind z ruri v -
x tti v

Açar sözl r: inteqro-diferensial t nlik, mümkün idar , optimal idar
.

NECESSARY AND SUFFICIENT OPTIMALITY CONDITION 
IN A LINER POPULATION DYNAMICS CONTROL PROBLEM

A.I.AGHAMALIYEVA

SUMMARY

Consider the one optimal control problem described by a system of linear integro-
diferencial equations of Fredholm type is considered in the population. The paper establishes 
necessary and sufficient condition for the optimality of the Pontryagin maximum principle 
type. The case of a convex nonlinear functionals studied separately.

Key words: integro-diferential equation, admissible control, optimal control, the 
increment formula, convex functional.
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ON MATHEMATICAL MODELING OF THE DAMAGE 
OF ROD-TYPE STRUCTURAL ELEMENTS UNDER STRETCHING

S.A.PIRIEV, G.B.HUSEYNOVA

SUMMARY

Modern technology imposes increased requirements on the accuracy and thoroughness 
of the calculation of structural elements and the structures themselves, as well as on the 
assessment of their working life. The study of the behavior of materials and structures under 
conditions of a complex stress state is one of the most important directions in the development 
of solid mechanics. Understanding destruction as a temporary process, in conjunction with the 
process of deformation, led to the emergence of theories of damage, when various kinds of 
defects are formed and accumulate in the volume of the material of the structure during 
loading, united by a single term - damage. Such a physical picture of the development of the 
fracture process is especially evident for polymer and composite materials, the widespread use 
of which in engineering and industry is explained by their high specific strength and fracture 
toughness, and, accordingly, the possibility of reducing the weight of parts and structures. 
Experimental diagrams show that the creep deformation of these materials is not always 
reversible - the residual deformation is determined by the volume of defects accumulated 
during loading.

The article deals with the issue of the kinetics of damage accumulation in rod-type 
structural elements in tension. Based on the principles of fracture mechanics, some simple 
mathematical models of the kinetics of damage accumulation are considered, taking into 
account these features.

Key words: damageability, fracture, stress, creep, deformation.
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INVESTIGATION OF THE CONDITIONAL DISTRIBUTION 
OF A SEMI-MARKOV RANDOM WALK PROCESS 

USING THE MAPLE SOFTWARE PACKAGE

1T.I.NASIROVA, 2G.R.GASIMOV, 1Y.I.RUSTAMOV,
1Sh.B.BAKSHIEV, 1K.K.OMAROVA, 3U.D.IDRISOVA 

1Institute of Control Systems of Azerbaijan National Academy of Sciences,
2Baku State University,

3Azerbaijan  State University of oil and Gaz Industry

This paper considers the sequence { , , } of independent identically 
distributed, positive, independent random variables and the sequence { } of negative 
random variables. On the basis of these random variables, a semi-Markov random walk 
process with a delaying screen at zero is constructed, and an integral equation for the 
conditional distribution ( , | , ) of this process is found using the formula of total 
probability. In the class of distributions decreasing exponentially fast, using the method of 
successive Laplace integral transforms in time t and Laplace-Stiltes in phase x, this integral 
equation is reduced to a partial differential equation – to the fourth-order Mangeron equation. 
The resulting differential equation is solved in the Maple package for some special cases and 
3D graphic images are obtained.

Keywords: Mangeron equations, Laplace-Stieltjes transform, independent random 
variables, Semi-Markov random walk, Maple package

1. Introduction
To study the distribution of a semi-Markov random walk and its main 

boundary functionals, some authors used asymptotic, factorization, and other 
methods [3-7]. In this paper, narrowing the class of the random walk, the 
integral equation for the Laplace transform in time, the Laplace-Stieltjes 
transform in the phase of the conditional distribution of the semi-Markov 
random walk process are reduced to the Mangeron equation [1-2, 8, 11-12]. 
Note that many problems of mathematical physics related to the phenomena of 
vibration, and problems of automatic control, in which it is necessary to take 
into account the dependencies not only between velocities, but also 
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accelerations and even higher derivatives, are reduced to the Mangeron 
equations. The resulting differential equation is solved in the Maple package 
for some special cases and 3D graphic images are obtained. 
2. Probabilistic problem statement

Suppose the sequence { , , } , is given on the probability space , , ( ) of independent identically distributed, positive, independent 
random variables and the negative random variable < 0. = 1, .

Using these random variables, we construct the following random processes±( ) = ±, if   ± < ± , = 1, .
We can write these processes in the following form:±( ) = ±,±( ) where ±( ) = , if ± < ±.
Let us call the process ( ) = ( ) ( ) a complex semi-Markov 

random walk process. 
Denote ± = ± ,    = 1,
We arrange these random variables in ascending order{ },   = 1, .
Denote = ,     if  = ,,     if  = .
Construct the following process ( ) = , if   < ,    = 1, ,= ,      = (0, + ), > 0
Let us call the process ( ) differential with a random walk and with a 

delaying screen at zero. The aim of this paper is to study the distribution of this 
semi-Markov process.
3. Solution

Note that neither the moments ,, nor the moments are Markov 
moments. If we know the value of the process ( ) at the moment t, then to 
determine the further behavior of the process, we also need to know when a 
positive jump will occur for the first time after . Therefore, when studying 
the process ( ), it is natural to also consider two following processes.±( ) = ±

We must investigate the distribution of the process ( ) in the following form{ ( ) < | (0) = , (0) = } = { ( ) < | (0) = , = }
or { ( ) < | (0) = , (0) = } = { ( ) < | (0) = , = }.

Denote ( , | , ) = { ( ) < | (0) = ; = }.
In the case where the random variables have an exponential distribution 
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with the parameters   ± and  ±, respectively, for the double integral image of 
the conditional distribution ( , | , ) in [1], the 4th-order Mangeron 
equation was obtained:   ( , | , ) + 2( + ) ( , | , ) + 2 ( , | , ) + +4( + ) ( , | , ) + ( , | , ) + ( + ) ( , | , ) + +2( + ) ( , | , ) + ( + ) ( , | , ) + [2 ( + ) + ] ×× ( , | , ) = ( ) (2 + ) ,
where ( , | , ) = ( , | , ) .
The solution of the resulting equation is found in the environment of the mathematical 
package MAPLE [9-10]. A program is developed for constructing the solution surface 
of the corresponding Cauchy problem for the case when the random variables and 

have an exponential distribution with the parameter equal to one.
> restart; 
> with(inttrans):assume(x>0,t>0,z>0,h>0);with(plots):
> mang:=diff(K(z,h),z$2,h$2)+a1*diff(K(z,h),z$2,h)+a2*diff(K(z,h),
z,h$2)+a3*diff(K(z,h),z,h)+a4*diff(K(z,h),h$2)+a5*diff(K(z,h),z$2)+a6*diff
(K(z,h),h)+a7*diff(K(z,h),z)+a8*K(z,h)=a9*exp(-alpha*z);

According to the form of the inhomogeneous part of equation (1), its solution is 
sought in the form K(z,h)=f(h)·exp(- ·z)
> eq:=subs(K(z,h)=f(h)*exp(-alpha*z),mang);
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with respect to A f(h) the following equation is obtained

> expand(eq/exp(-alpha*z));

> eqs:=simplify(%);

We accept designations
> a1:=2*(lambda+theta);

> a2:=2*mu;

> a3:=4*(lambda+theta)*mu;

> a4:=mu^2;

> a5:=(lambda+theta);

> a6:=2*(lambda+theta)*mu^2;

> a7:=(lambda+theta)^2*mu;

> a8:=(2*lambda*(lambda+theta)+theta^2)*mu^2;

> a9:=(alpha-mu)^2*(2*lambda+theta);

Solving the Cauchy problem with conditions f(0)=1, D(f)(0)=1
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> eqss:=(-a2*alpha+alpha^2+a4)*diff(f(h),h$2)+(a1*alpha^2-
a3*alpha+a6)*diff(f(h),h)+(a5*alpha^2-a7*alpha+a8)*f(h)=a9;

> ics:=f(0)=1,D(f)(0)=1;

> w:=unapply(simplify(subs({mu=1,lambda=1},dsolve({eqss,ics},
f(h)))),h,alpha,theta):
The solution of the Mangeron equation is obtained in the form

> Kzh:=unapply(w(h,alpha,theta)*exp(-alpha*z),z,h,theta,alpha);

Consider a special case {z=1, h=1} for the convenience of constructing the 
surface of a double Laplace image, we introduce auxiliary functions

> g2:=unapply(2*(-1+(theta^2+theta)*alpha^2-
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(theta+1)^2*alpha)*(theta^2+2*theta+2-
(theta+1)^2*alpha+(theta+1)*alpha^2),theta,alpha);

> g:=unapply(-1+(theta^2+theta)*alpha^2-
(theta+1)^2*alpha,theta,alpha);

> g3:=unapply(-((theta^2-1)*alpha-theta^2-theta-1)*(2+theta)*(alpha-
1)*sqrt(g(theta,alpha)),theta,alpha);

> g4:=unapply(-g(theta,alpha)*(alpha^2+(theta^2-3)*alpha-theta^2-
theta),theta,alpha);

> g5:=unapply(exp((sqrt(g(theta,alpha))+(theta+1)*(1-alpha))/(alpha-
1)),theta,alpha);

> g6:=unapply(exp((-sqrt(g(theta,alpha))-(theta+1)*(alpha-1))/(alpha-
1)),theta,alpha);

> g1:=unapply((-1+(theta^2+theta)*alpha^2-(theta+1)^2*alpha)*(alpha-
1)^2*exp(-alpha)*(theta+2)/((-1+(theta^2+theta)*alpha^2-
(theta+1)^2*alpha)*((theta+1)*alpha^2-
(theta+1)^2*alpha+theta^2+2*theta+2)),theta,alpha);
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> Kzhs:=unapply(((g3(theta,alpha)+g4(theta,alpha))*g5(theta,alpha)
+(-g3(theta,alpha)+g4(theta,alpha))*g6(theta,alpha))*
exp(-alpha)/g2(theta,alpha)+g1(theta,alpha),theta,alpha);

> plot3d(Kzhs(theta,alpha),theta=1..5,alpha=1..5,title=
"PART OF THE KZHS(theta,alpha) SURFACE ABOVE THE AREA 
{1<=theta<=5,1<=alpha<=5}");

Fig. 1. We find one - dimensional inverse transformations 
in t and in x for the g1 - component of the double Laplace image
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> g1t:=unapply(invlaplace(g1(theta,alpha),theta,t),t,alpha);

> g1x:=unapply(invlaplace(g1(theta,alpha),alpha,x),x,theta);

> evalf(Kzhs(5,5));

Solving the Cauchy problem with conditions f(0)=0, D(f)(0)=0
> ics0:=f(0)=0,D(f)(0)=0;
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> w0:=unapply(simplify(subs({mu=1,lambda=1},dsolve({eqss,ics0},
f(h)))),h,alpha,theta):

> Kzh0:=unapply(w0(h,alpha,theta)*exp(-alpha*z),z,h,theta,alpha);

> Kzh0s:=unapply(simplify(subs({z=1,h=1},Kzh0(z,h,theta,alpha))),
theta,alpha):

> g10:=unapply((alpha-1)^2*(2+theta)/((theta+1)^2*(1-
alpha)+(theta+1)*alpha^2+1)*exp(-alpha),theta,alpha);

> g20:=unapply(2*g(theta,alpha)*((theta+1)^2*(1-
alpha)+(theta+1)*alpha^2+1),theta,alpha);

> g30:=unapply((theta+1)*(alpha-1)*sqrt(g(theta,alpha)), theta,alpha);
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> Kzh0s:=unapply(g10(theta,alpha)-exp(-alpha)*(alpha-1)^2 
*(theta+2)*((g30(theta,alpha)+g(theta,alpha))*g5(theta,alpha)+
(-g30(theta,alpha)+g(theta,alpha))*g6(theta,alpha))/g20(theta,
alpha),theta,alpha);

> plot3d(Kzh0s(theta,alpha),theta=1..5,alpha=1..5);

Fig. 2.

> evalf(Kzh0s(5,5));
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4. Conclusion
It has been proven in the paper that after the double integral 

transformation - the Laplace transform in time and the Laplace-Stieltjes 
transformation in phase, a function has been obtained that depends on the 
variables and and on the transformation parameters and , which 
satisfies a certain fourth-order Mangeron equation in the variables and with 
respect to ( , | , ). An analytical solution to this equation is found, a part 
of the solution surface is constructed, and a single inverse Laplace integral 
transformation is performed for a specific one component. The latter shows the 
possibility of applying a double inverse transformation, but this requires 
additional investigation of the resulting analytical expression for ( , | , ).
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ELEKTR K SAH S N N 953 SInCu MONOKR STALININ
OPT K SAB TL R N T S R

L.H. , .Z.
B Dövl t Universtiteti

ludmilahasanova@mail.ru

953 SInCu layvari , onun optik xass l ri anizotropi-
yaya malikdir. Ona gör optik xass l r elektrik sah sinin t siri il bir qanunauy-

gözl nilir. 953 SInCu kvadratik elektrooptik effekt (Kerr effekti)
t dqiq .

Açar sözl r: dispersiya, elektrooptik effekt,

Son ill r mis halkogenidl ri öz fiziki xass l rin gör t dqi-
diqq tini c lb edir [1]. kiqat birl l rl

mür kk b üçqat birl l r d daxil . 322 SInCuInS − sisteminin öyr -
nilm si bu bir neç birl nin ( 95311585 ,, SInCuSCuInSCuIn )
göst [2]. Onlardan 953 SInCu fiziki xass l rin gör diqq ti daha çox
c lb edir [3]. Onun rim temperaturu 1083 0C olub layvari malikdir
v güzgü s thin malik olan laylara . Bu lay daxilind
kovalent rabit nin, laylar is z if Van-der-Vaals rabit sinin il
izah edilir. 953 SInCu birl sinin kristallik strukturu ( )mmmPD h 61

6 − f za qru-
puna daxildir.

Bütün layvari kristallar kimi, kristalda da optik v elektrik
xass l rinin il laq dar elektrik sah sinin t siri il udma s r-
h dinin bir etm k olar. Bu
m qs dl 953 SInCu kvadratik elektrooptik effekt t dqiq olun-

. Mü yy n ki, udma s rh dind eksiton x tti varsa, elektrik
sah sinin t tbiqi eksiton x ttinin d sin (onun m sin v -
m sin ) s b b olur.

Kramers-Kroniq münasib tin gör elektrik sah sinin t siri il
d lidir, bu d d çox zaman eksion mexanizmi il izah edilir.
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sas n Eg enind n böyük olan zo-
na keçidl r t sir etdiyind n xarici elektrik sah sind msa
d si ya yüks kenerjili s viyy l r keçidl , ya da eksiton mexanizmi il
izah oluna bil r. kil 1-d n göründüyü kimi udma s rh din
(Eg=1,45 eV) , sonra is üz rin n fotonun ener-
jisi , sözl hid olunur.

M lumdur ki, n il Zelmeyer
münasib ti il laq :

( ) 2

0

2
002

1
1

⎟⎟⎠
⎞

⎜⎜⎝
⎛−

=−

λ
λ
λλ S

n (1),

burada 0 – ossilyatorun orta v ziyy ti, S0 – ossilyatorun orta gücüdür. S0 v 0

parametrl rini t crübi olaraq ⎟
⎠
⎞⎜

⎝
⎛

− 22

1~
1

1
λ

f
n

tapmaq olur ( kil 2).

k. 1. 953 SInCu adi (1) v
qeyri-adi (2) dispersiya yril ri.

k. 2. 
1

1
2 −n

-in
2

1
λ

-dan .

Bir çox biroxlu kristal üçün (o cüml d n 953 SInCu ) «C» optik oxuna per-
pendikulyar (0) v paralel ( ) istiqam tind qiym ti hesab-

(c dv l 1).
                                                      C dv l 1

n S (sm-1) sm)
n0 0,92·1012 3,07·10-5

n 0,83·1012 2,84·10-5

Nümun nin üz rin n «C» oxu istiqam tid yön ldildikd
olunan fazalar f rqini kild yazmaq olar:

λ
π ndΔ=Γ 2 (2),

0,6 0,65 0,7 0,75 0,8 0,85

n0

ne

2,8

3,2

3,6

4,0

n

0 1 2 3

2
1
λ

(mkm)

n0

ne

1
1

2 −n

0,05

0,10

0,15
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burada d – optik yolun , – n – elektrik sah sinin
t tbiqi ikiqat d sidir.

953 SInCu m cburi t tbiq olunan sah d n
t tbiq olunan sah kvadratik olur. M cburi

si sah nin istiqam ti d d (sabit sah ). Bu is bir
daha elektrooptik effektinin kvadratik t stiq edir ( kil 3). kild

n-in E2-dan .

k. 3. n-in t tbiq olunan sah d n mkm).

T dqiq olunan kristal «C» oxu istiqam tind t bii
malik n koordinat keçmir ( kil 1).

Bundan m cburi nümun nin üz rin n
enerjisind n öyr . Ölçm l r göst rir ki, fotonun enerjisi

v sas udma s rh ddin n ( kil 4). H mçinin
mü yy n ki, sabit sah nin v d n elektrik sah sinin t siri il
ölçül n n-in qiym tl ri bir-birind n f rql nir v bu f rq udma s rh ddin

. Bunu onunla izah etm k olar ki, sabit sah elektrik
sah si b rab r . Udma s rh ddind fotoeffektin

s rh ddind h cmi yükl rin göst rir. Bel ki,
t siri il yaranan elektron- cütl ri h cmi yükl r
ki, onlar da kristalda daxili sah ni .

k.4. n-in kV/sm).

0 10 20
E2(kV/sm)2

1

2

3

4

n·10-5

0,85 0,90 0,95
 (mkm)

2,5

3,0

3,5

n·10-5
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INFLUENCE OF ELECTRIC FIELD ON OPTICAL CONSTANTS 
OF 953 SInCu SINGLE CRYSTAL 

L.G.HASANOVA, A.Z.MAHAMMADOV

SUMMARY

The 953 SInCu single crystal is a layered crystal; therefore, as in many layered crystals, 
a number of interesting regularities can be expected related to the anisotropy of the optical and 
electrical properties, the influence of the electric field on the optical properties and the 
behavior of optical constants near the optical absorption edge. Therefore, the quadratic electro-
optical effect is investigated.

Measured induced birefringence, as well as its dependence on the voltage of the 
electric field and on the energy of the incident photons. A photo effect was found at the 
boundary of its own absorption. A quadratic electro-optical effect takes place in crystals.

Keywords: dispersion, electro-optical effect, double refraction
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dqiqind istifad olunan t crübi v n z ri 
ri n z rd

Açar sözl r: spektroskopik üsullar, dqiqi, konformasiya, n z ri konfor-
masiya analizi, struktur, molekulyar dinamika üsulu

Bioloji f al molekullar dedikd , zülal v -
z rd tutulur. M lumdur ki, bu mole-

rind ki müxt liflilikl
müxt lifliyi il laq sind biomole

ni zülal v

Ümumiyy tl t molekullar traf mühit
d onlar f zada bir konformasiya v ziyy -

tind olmurlar v mühitin t siri n tic sind rin
des k, biomolekullar kiçikenerjili konformasiya 

t olur ki, bu kiçikenerjili konformasiya hall -

-
b-

-

verilir.
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-
xroizmi (FD) üsulu. 

-
- -

-
-

rat
la-

cir-
zada 

dir [1].
-

-

üsul zülal molekull

mü

-

N z ri hesablama üsullar
N z son ill dqiqind

olunan n z ri konformasiya analizi üsulu v molekulyar dina-
ç km k olar [2, 5].

N z ri konformasiya analizi üsulunun XX srin 50-ci ill rind qo-
istifad on-

rind tic l rh etm k üçün 
is standart identifikatorlar sistemind n istifad

N z ri konformasiya analizi üsuluna sas n ixtiyari biomolekul aomlar 
sistemi kimi götürülür v bu zaman onun nüv - z r -

m n z ri konformasiya analizi üsulunda, h m d molekulyar dinamika 
rin additiv c klind ifad olunur: 

Etam=Eq.v.+Eel.st..+Etor.+Eh.r.
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Burada Eq.v - qeyri-valent, v ya Van –der- sir enerjisidir; onu 
hesablamaq üçün Lennard-Consun "6- q.v=-Aijrij

-6+Bijrij
-12 potensia -

dan istifad B parametrl ri eksperimentd
qiym tl rdir. rij - i v saf dir); Eel.st  - elektrostatik qar-

sir enerjisini t msil edir; onun qiym ti Kulon qanunu il
Eel.st= η

(qi qj - ij- ε-di-

2O (su) mühiti üçün ε
- Etor- torsion v ya 

valent rabit l r onu hesablamaq üçün  
Etor= E0(1-cosnϕ) düsturundan istifad edilir (Eo- hündür-
lüyü, ϕ-ikiüzlü bucaq, n- -
rametrdir. , 3-
olur); Eh.r- hidrogen rabit l rinin yaranma enerjisidir. Bu enerjini hesablamaq 
üçün sas n Eh.r=D(1-e- )2-D olunur (D-dis-
sosiasiya enerjisidir v onun qiym ti -r0, r-hid-

o=1.8 A°(NH...OC) -
parametrdir (n=3(A°)-1).

Hesablamalar aparark tl ri standart nomen-

Molekulyar dinamika üsulu. daxili müt h rrikliyinin 
modell sind olunan n z ri üsullardan biri d molekulyar 
dinamika üsuludur [7, 12]. Bu üsulun n atom-

r k t tra-

sird olan kiçik hiss cikl
atom r k -
qüvv sah sind -
tilik h r k ti subnanod qiq modell enerji 
mübadil si effektl rini n z r almaq v sistemin temperaturunu sabit saxlamaq 
m qs di il xüsusi alqoritmd n - olunur. 
Tem tind n k -Teller t nliyi 
vasit sil korreksiya edilir.

Molekulyar dinamika üsulunda t dqiq edil n molekulun konformasiya 
müt h rrikliyin traf mühitin t siri sistem si 
v s rh rtl h yata keçirilir. Bu üsulla ilk a
z rr cikl rin koordinat v sür tl rini verm kl rr cikl r
t sir ed n bütün qüvv l sür tl rini hesablamaq 
mümkün olur.   

Deyil nl ri ümumil r k o n tic y g lm k olar ki, n z ri komfor-
masiya v crübi üsullarla müqayis d bir 

rin baxnayaraq, dqiq etm k
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üçün, h m t tl rd n, h m d n z ri hesablamalardan 
birg istifad edil rs , t dqiq ed c
t sir enerjisinin minimum qiym tin l – konfor-

qiq mü yy nl nl k mümkün olar.
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METHODS USED IN THE STUDY OF THE SPATIAL STRUCTURE 
OF BIOMOLECULES

L.I. VELIYEVA, O.G.GULEXMEDOV, N.M.AMANOVA

SUMMARY

In this paper, some aspects of experimental and theoretical methods used in the study of 
the spatial structure of biomolecules were considered.

Keywords: spectroscopic methods, conformation, theoretical conformational analysis,
structure, molecular dynamics method
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Nanokristallik BN hiss cikl rind paramaqnit m rk zl r v bi ti neytronlarla 
v sonra müqais li öyr

spektroskopik analizl r maqnit sah sinin 0.05 - 0.55 T (500 - 5500 Gauss) qiym tl rind
qnit m rk zl olunan 0.3270 -

lav olaraq n z rd cikl rind neytron selinin t siri n tic sind
rk zl rin t bi ti EPR spektrl ri il B v VN

l ri il

Açar sözl r: Nanokristal h- nilm si

1.
Son zamnlar bor nitrid v onun müxt lif tip kompozitl ri dünya t dqiqat-

ç r find -9]. Mük mm l fiziki v
kimy rd tbiq sah sin

ma k temperatur v t zyiqd d öz 
xüsusiyy tl rini qoruma xüsusiyy tin malikdir. Günümüz q d r bor nitridin 
bir neç politipi mövcuddur. Bunlardan heksaqonal, robohedral, amorf, kubik 
v l rini göst rm k olar. Bor nitridin f rqli 
modifikasiya l ri iç risind t

-BN) politipidir. M hz bu s b bd n t dqiqat obyekti 
olaraq h-

Dig nano ölçül rd özün -
m xsus xüsisiyy tl r malikdir. Nanomateriallar yüks k temperaturlarda, ion-

rd v mexaniki t sirl rd f r. 
r sinifd n olan nanomateriallar üz rind neytronlarla 

ri mü yy n q d r öyr -
yüks k neytron adsorbsiya qabiliyy tin cikl rinin 

r. Ola bilsin ki, dig r naomateriallardan 
f rqli olaraq BN nanohiss cikl ri neytron selin s k h
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-BN qrafin -
likdir. Bel p nöqt l rind bor v
növb kild bir-birini v z edir. B-N rabit -
saf nin 1 k davam
t reflektor kimi istifad

saf neytron çevrilm l rind ciddi rola malik olmur. M hz bu 
s b bd n h-BN nanohiss cikl ri üz rind neytron selinin t sir effektrl rinin 
öyr nilm si son d r c aktual m s l dir.

Bor nitrid nanohiss cikl rind sintez prosesind v ya xarici t sirl rl
f rqli tip defektl r yarana bil rin azot 

kil edir. Ad t n, b zi növ xarici t sirl rl (m s l n,
lanma) yaranan defektl r dig r defektl ri d f l rl üst l yir. Bel olan 

r v ya paramaqnit 
m rk zl r t bii haldan d f l rl çox olur v z r qdim olu-

, neytron selinin t -BN nanohiss cikl rind
defektl r v f rqli paramaqnit m rk zl r EPR spektroskopiya üsulu il öy-
r

2. T crüb
T crüb d istifad olunan nanomaterial 25-35 m2/q xüsusi s th sah sin ,

70-80 nm ölçülü hiss cikl r v 2.29 q/sm3 h
cikl ridir (US Research Nanomaterials, Inc., TX, 

USA). T crüb l olunan nümun l
h rind rk zind ” TRIGA Mark II 

yüngül su (light water pool type reactor) tipli t dqiqat reaktorunda F19 ka-
12 n/sm2 tam güc reji-

mind k ki, ümumi halda tam güc reji-
mind mövcud neytron selinin maksimum parametrl ri termal neytronlar üçün 
5.107x1012 n/sm2san (1±0.0008, En < 625eV), epitermal neytronlar üçün 
6.502x1012 n/sm2san (1±0.0008, En ~ 625eV ÷ 0.1MeV), sür tli neytronlar 
üçün 7.585x1012 n/sm2san (1±0.0007, En > 0.1 MeV) v n hay t, bütün ney-
t 13 n/sm2san (1±0.0005) kimidir 
[24-31]. Nano BN birl raitd alüminium kontey-
nerl r kild -

d qiq aktivlik analizl ri 
apa r 4 nümun 1,6E14, 8E14, 4E15 v 2E16 
n/sm2 kimi müxt lif dozalarda, h - silm -

12 n/sm2san qiym tind m güc (250kVt) reji-
mind siri n tic sind nümun l rin aktivliyi ki-
fay t q d r q d b bd n bütün ölçm l r neytron selinin t -
sirind n t qrib l r h r biri 
t qrib n 50 μl (1.5mg) olmaqla hündürlüyü 5mm, iç diametri 3mm olan silindir 

k t mizliy
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v n l rin EPR analizl ri X-
y n Bruker EMX II plus EPR spektrometrind l r

analizi, süpürm = 500 G-d n
5500 G-y q d r olan m rk zi sah il 3300 G = 0.33 T). Term nm
t crüb l ri 500 ° C-d n 800 ° C- q d -

3. N tic v müzakir l r
cikl -

rinin EPR spektrl “seçil
doyma h ddi” v sair kimi müxt lif hallarda müqais li ç

ri n z rd n keçir k ( kil 1). 
Qeyd ed k ki, bu diapozonda nümun l , m rk zi maqnit 
sah sinin 3300G v gücün 0.2mVt v 20mVt qiym tl rind ç

Tam EPR spektrl rind n göründüyü kimi, gücün 0.2mVt v 20mVt 
qiym tl rind olunur ( kil 1 sol 
t r f). Dig ifdir, ya da yoxdur. Tam spektrd mü-

olunan spektrl r bir- sir müdd tini 
spektrd k mümkün deyil. Bel ri 
n z rd n keçirm k daha m qs d r
spektrl rd h m gücün 0.2mVt, h m d 20mVt qiym tl rd n d neytron selinin 
nanokristallik BN hiss cikl rind -

n göründüyü kimi, neytron seli il -
za nasib olaraq nanokristallik BN hiss cikl rind iki tip paramaqnit 
m rk sir müdd k skinl n
spektrl ri neytron çevrilm l ri n tic sind
etm k olur. Bel N hiss cik-
l rini t n B v l rin m bii hal-
da B v
h r biri neytron z pt ed r k f rqli izotop yarada bil r. Lakin burada N izotop-

siyinin v uduculuq qabiliyy müqayi-
s d d f l rl siyi 1.8 barn) 
[23].

Bunun n tic sind n d -
likl r spektr t sir etm y c k q d daxilind( , )  

kimi çevrilm l r d mümkündür. Lakin bu çevrilm nin effektivliyinin B 
müqayis d z r n tic l -

nir. Borun t bii halda iki izotopu mövcuddur v h r birinin effektiv en k sikl ri 
v adsorbsiya qabiliyy ti f rqlidir (t bii halda 19.9% v 80.1% izotop-

siri f ma-
b b ola bilir.

111 



k. 1. -
kristallik BN hiss cikl rinin EPR spektrl ri (a – 0.2mVt, b – 20mVt, solda tam spektrl

r)

izotopu dig rl ri il müqayis d 3890 barn kimi çox böyük effektiv 
en k siyin malikdir v bir neytron z pt ed r k izotopuna çevrilir. Bu 

siri il ( , )  
(1)

kimi çevrilm bil r [18, 25]. Dig r t r fd n stabil izotopu 760
barn kimi nisb t siyin (absorption crossec-
tion) malikdir v neytron z pt ed r k n
neytronun enerjisind bil r ney-

y t q d r olarsa, ( , )    
(2)

kimi nüv çevrilm bil r (1.6% ehtimalla). Dig r t r fd n( , )  
(3)

kimi nüv çevrilm si d bil r (98.4% ehtimalla). Effektiv en 
k neytron adsorbsiya qabiliyy tinin d f l tl çox 

tic sind B10 izotopu daha çox neytron z pt ed c kdir. Bu halda 
baxmayaraq ki, nanokristallik BN hiss cikl rind B10 izotopunun kütl

r, bel dem sin
çevrilm l ri il tic sind

laq l ndirm k olar. Lakin n z r
istallik BN hiss cikl rind B11 izotopunun kon-
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t q d r çoxdur (t bii borda 80.1%) v (3) ifad si il C12 
rk zl ri 

il ri izah etm k olur [23-26].

k. 2. M rk zi sah nin 3500G qiym tind gücün 0.2mVt (a) v
20mVt (b) qiym tl rind ilkin v
hiss cikl rinin EPR spektrl ri

sir gir r k,
N rk zl

s b r k paramaqnit 
m rk bii olaraq neytron seli il t sir müdd -
tic sind C12 -

tic d üçqat bor m k zl rin -
maqnit m rk zl spektrl rd olunur. Mü -
hid m k v rk zl rin da-
ya qs dil 3500G m rk si sah d 1000 G v 100 G

EPR spektrl ri f rqli gücl rd ç kil 2 ). 
kil 2-d olunan EPR 

k kil 2b). Bu is onu d m y
rk zl rd -

m tl rind g1 edils d g2 (g=2.02397) siq-
, dem e tind n gö-

N ya üçqat bor m rk zind ndir. Bel ki, 
g bil r. g1 pikind g fak-

torun s rb edilir (g=2.003252). Buradan 
bir daha m -
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nit m rk zl rin 

4. N tic l r
tic sind BN nanohiss cikl rinin EPR spektr-

l rind g faktorun s rb st elektrona uy tl rind -
hid edildi. M çevrilm l ri 
n tic sind

sir gir r m l g lm sin s b b olur. 
üçqat bor m rk zl rinin EPR 

spektrind s rb
Dig r siqnal, neytron z pti n tic sind

l bir bor m rk zind n olan siqnal kimi mü yy
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EPR STUDY OF NANO h-BN PARTICLES EXPOSED 
TO VARIOUS NEUTRON FLUXES

N.R.ABBASOV

SUMMARY

Paramagnetic centers in the nanocrystalline boron nitride (h-BN) particles were 
comparatively studied before and after neutron irradiation. Electron Paramagnetic Resonance 
(EPR) spectroscopic analyzes were performed in the broad range of magnetic field from 0.05 -
0.55 T (500 - 5500 Gauss). The range of 0.3270 - 0.3370 T was additionally sweeped, where 
more paramagnetic centers were observed. The nature of the new paramagnetic centers formed 
as a result of neutron transmutation in the BN nanoparticles were examined by EPR spectra. 

Keywords: Nanocrystalline h-BN, neutron irradiation, EPR studies
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The vector meson, lightest bound state of strange and anti-strange quarks, is 
considered as a good probe for the study of QCD matter formed in heavy-ion collisions. We 
have reported the transverse momentum (pT) and rapidity (y) distributions of mesons in pp 
collisions at SPS, LHC and RHIC energies in the kinematic interval of 0 < pT < 1.5 GeV/c in 
mid rapidity interval. The results of Monte Carlo Simulations using PYTHIA8 and CRMC 
package event generator are compared to NA61/SHINE, ALICE and STAR experimental data. 
The PYTHIA8 model is used with default tune CR0 as well as with color reconnection tune 
CR1. Some deviations are observed in pT spectra. The observed deviations in the distributions 
are due to the kinematics involved in the models. In case of CR0, the deviations are due to the 
multiparton interactions and for CR1 tune, the non-perturbative QCD effects are more 
dominant which are due to parton fragmentation as discussed in Lund string model used in 
PYTHIA8. None of the models in CRMC package could explain the experimental data.

Keywords: ϕ-meson, pT  spectra, PYTHIA8.3 model, pp collisions, SPS, RHIC, LHC

1. Introduction
According to quantum chromodynamics (QCD) at very high temperature 

(T) and high density, a deconfined phase of quarks and gluons is expected to be 
present, while at low T and low density the quarks and gluons are known to be 
confined inside hadrons [1, 2, 3]. The heavy-ion collisions (A + A) provide a 
unique opportunity to study QCD matter in the laboratory experiments. The 
detailed study of transverse momentum pT spectra provides an important 
information about the dense medium of strongly intercating matter called as 
quark-gluon plasma formed in heavy ion collisions [4, 5]. The evolution of this 
medium is modeled by the relativistic hydrodynamics [6, 7]. Now a days a hot 
debate is ongoing as to whether the strikingly similar signatures observed in 
small collision systems (pp and pA) are also of hydrodynamical origin [8, 9]. 
By studying the production of mesons we can shed some light on hadron 
production and QGP formation in the heavy ion production [10]. Strange 
quarks are radioactive and decay by weak interactions to their light quarks at 
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extremely long timescale compared with nuclear-collision time. By their decay 
products it is relatively easy to detect strange particles [11]. mesons play an 
important role in the studies of phase transition and helps to separate out the 
confined hadrons and deconfined parton phase (QGP). Such phase transition is 
occured in heavy ion collisions in lower CERN PS. Parton phase i.e QGP can 
be observed by the medium effects. Doubly-strange hadrons are considered to 
be sensitive to those medium effects. The double differential of mesons was 
first time measured by NA61/SHINE experiment at LHC [12].

2. Methodology
The mesons have been studied by K+K decay channel. For the 

double differential study of mesons, the PYTHIA8.3 model is used [14, 
13].To get the pT spectra, the standard definition has been used within the 
selected rapidity interval defined as , were E is the energy of 
particles and pZ is the momentum of particles along z direction. PYTHIA8.3 is 
the general purpose event generator in heavy ion collision between elementary 
particles. It consists of a set of physics models for the evolution from a few-
body hard-scattering process to a complex multiparticle final state. The physics 
models used in PYTHIA8306 works within the energy of > 10 GeV for center 
of mass systems and > 50 GeV for fixed target experiments. At energies below 
10 GeV, the hadronic resonance region is reached and PYTHIA predictions are 
not reliable [15]. CRMC package provides good description of main hadronic 
particle production. It works on Parton model,Particle production and Cross 
section using QCD inspired Theory, unified treatment of soft and hard 
scattering Constrains from Modeling (mainly Glauber+Gribov) [16]

Fig. 1. pT spectra of mesons in pp collisions at 40 GeV in rapidity interval of 0 < y < 1.5.
PYTHIA8 simulation data is compared with NA61/SHINE data [12]

3. Results and Discussions
The Figure 1 shows the pT spectra of mesons produced in pp collisions 

at 40 GeV energy, in rapidity interval of 0 < y < 1.5 and in the kinematic 
region of 0 < pT < 1.2 GeV/c. It is obvious from the figure 1 that the CR0 mode 
explains the NA61/SHINE data very well. While CR1 gives very good des-
cription of experimental data. The deviations observed could be due to kine-
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matics involved in the model and possibily due to non purturbative QCD ef-
fects. In the lower panel of the figure 1, the ratio of Monte Carlo (MC) to expe-
rimental data is plotted, all data points are lying within the uncertainty limit.

The Figure 2 shows the pT spectra in rapidity interval of 0 < y < 0.3, the 
deviation is observed between simulated distribution and the one obtained from 
the NA61/SHINE experiment. The deviation observed is high in case of CR0 
mode. The data points are lower than the experimental data except for pT = 0.5 
GeV/c point. While the CR1 mode can explain the NA61/SHINE data very 
well. Both curves are fitted with the Gaussian function.

It is seen from figure 3 that, non of the cosmic ray Monte Carlo models 
explain the experimental data of NA61/shine. The pT spectra of meson in 
rapidity interval of 0 < y < 0.3 is shown in figure 4. In this rapidity region, 
there is deviation in the simulation data using

Fig. 2. pT spectra of mesons in pp collisions at 80 GeV in rapidity interval of 0 < y < 1.5.
PYTHIA8 simulation data is compared with NA61/SHINE data [12]

PYTHIA8 from NA61/SHINE data. The deviation observed is high in 
case of CR1 mode. While the CR0 tune can explain the NA61/SHINE data 
very well. CR0 curve is fitted with the landau function and the distribution of 
CR1 tune is fitted with gaussian function.

Figure 5, shows that non of the CRMC models could explain the 
experimental data.

Fig. 3. pT spectra of mesons in pp collisions at 80 GeV in rapidity interval of 0 < y < 1.5.
CRMC simulation data is compared with NA61/SHINE data [12]
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Fig. 4. pT spectra of mesons in pp collisions at 158 GeV in rapidity interval of 0 < y < 1.5.
PYTHIA8 simulation data is compared with NA61/SHINE data [12] figures 6 and 7 are the 

pT spectra of RHIC and ALICE respectively.

Simulation data using PYTHIA8 is compared to experimental data and it 
is seen that PYTHIA8 predictations well describes the experimental predic-
tations in case of ALICE.

Fig. 5. pT spectra of mesons in pp collisions at 40 GeV in rapidity interval of 0 < y < 1.5.
CRMC simulation data is compared with NA61/SHINE data [12]

Fig. 6. pT spectra of mesons in pp collisions at 200 GeV in rapidity interval of 0.5 < y < 0.5.
PYTHIA8 simulation data is compared with RHIC data [12]

4. Conclusion
We have presented the results of transverse momentum (pT ) spectra of 

mesons in pp collisions at SPS, LHC and RHIC energies in the kinematic 

120 



interval of 0 < pT < 1.5GeV/c in rapidity region. The results of Monte Carlo 
simulations using PYTHIA8.3 event generator and CRMC models are com-
pared to NA61/SHINE, ALICE and STAR experimental data. The simulation 
results are fitted with Gaussian and Landau functions. The observed deviations 
in the distributions are due to the kinematics involved in the model. In case of 
CR0, the deviations are due to the multiparton interactions. And for CR1 tune, 
the non-perturbative QCD effects are more dominant which are due to parton 
fragmentation as discussed in Lund string model used in PYTHIA8. It is 
observed that non of the Monte Carlo models in CRMC package could explain 
the experimental data.

Fig. 7. pT spectra of mesons in pp collisions at 7 TeV in rapidity interval of 0.5 < y < 0.5.
PYTHIA8 simulation data is compared with ALICE data [12]
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In recent years, the development of energy sources for portable electronic devices is 
very relevant. Therefore, the application of the triboelectric nanogenerators (TENG) in this 
area is of great interest. It is very important to study the effect of the surface structures of 
dielectric materials used in triboelectric nanogenerators on its output parameters. The study 
examined how the porous structures created by crystalline salts on the surface of the 
polysiloxane film and their size affect the performance of the triboelectric nanogenerator. It 
was found that the output parameters of TENG increase due to the porous structure created on 
the surface of the polysiloxane film.

Keywords: triboelectric generator, polysiloxane film, nylon, microstructure, dielectric 
materials

1. Introduction
The global climate change and energy crisis are one of the most pressing 

issues facing human society. The creation of new types of energy sources and the 
study of their environmental friendliness are considered to be the main priorities 
for solving such problems. At present, researchers are faced with the development 
of new, efficient, green energy sources. In everyday life, collecting energy from 
the environment (wind, water waves, mechanical movement, etc.) and using it 
safely is a promising approach. In this case, the development of extremely 
sustainable and environmentally friendly energy sources is urgent. An example of 
this is the energy generated by people's movements in daily life. This energy is 
used in the literature as a term for biomechanical energy, which we will use later. 
The growing demand for the use of portable devices (mobile phones, GPS 
systems, etc.), the convenience, safety and efficiency of their use, in parallel, form 
new directions in the supply of electricity to such devices. One of such directions 
is triboelectric nanogenerators [1-3].

Triboelectric nanogenerators (TENG) are an effective and safe system 
for collecting electricity from various sources in everyday life - human 
mechanical movements, water waves and wind [4]. TENGs are a system that 
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can generate mechanical energy into electrical energy and are based on two 
physical processes, such as contact electrification and electrostatic induction. 
Contact electrification is the phenomenon of positive charge on the surface of 
one material and negative charge on the surface of another material when two 
triboelectric materials come into contact with each other [3,4]. In detail, when 
two dielectric materials with triboelectric properties come into contact, the 
charge carriers accumulate on the surface as a result of the displacement of 
electrons due to the difference between their electronic energy states. Because 
the electrons collected on the surface are static charge carriers, they create a 
static electric field around them. In accordance with the principle of operation 
of a triboelectric generator, when materials are brought into contact and 
separated, opposite electrodes are formed at the electrodes due to electrostatic 
induction. A displacement current is generated at the electrodes to compensate 
for the separation of charges. Given that the structure of the TENG is similar to 
that of a capacitor, Figure 1 (a) schematically shows the formation of the 
displacement current and its value according to Maxwell's equation. As can be 
seen from Maxwell's equation, increasing the loads on the surface of the 
materials or the dielectric constant of the material will lead to an increase in the 
cost of the resulting electric field [5,6].

Micro and nano structures formed on the surface could affect the 
surface load density of the material [6]. The resulting additional load centers 
are proportional to the degree of roughness of the surface. Thus, the surface 
structure of the materials used in the TENG could make large effect on its 
output performance. The creation of such structures also increases their contact 
areas. As a result, all these processes have a significant impact on the output 
parameters of TENG (voltage, current, surface load density of the material, 
output power, etc.) [6-8]. In order for the loads to accumulate on the surfaces 
of the dielectric material, there must be large differences between the electronic 
energy states of the materials. These features are taken into account in the 
selected trioelectric material pairs [8]. It should be noted that for the transfer of 
electrons, the contact distance of the materials must occur at the atomic level. 
If we take into account that the occurrence of the triboelectricization process is 
due to the influence of external mechanical forces, then the contact force must 
be large to separate the loads on the surfaces when the electronic energy states 
of the materials differ sharply from each other. Figure 1b shows the mechanism 
of electron formation based on the electron cloud model. Even under the 
influence of a large force, the lack of atomic contact in all parts of the 
triboelectric layers prevents the charges accumulated on the surface from 
receiving their maximum value. According to the electron cloud model in 
Figure 1b, the transfer of electrons occurs as a result of the overlap of potential 
wells under the influence of an external compressive force. Studies have shown 
that during the actual  contact of flat surfaces, only certain parts of the material 
interact at the atomic level.  
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Fig. 1. (a) The principle of operation of TENG and the mechanism of displacement current (b) 
Schematic explanation of the formation of electrons on triboelectric surfaces based on the 
electron cloud model (c) Schematic form of electron energy states.

This, in turn, leads to a reduction in the amount of cargo that 
accumulates on the surfaces. To do this, the creation of structures of different 
sizes and shapes on the surface of the material makes it easier for them to come 
into contact with each other at the atomic level. Thus, it should be noted that 
the effect of compressive force and surface structures plays an important role in 
TENGs. The effect of an external compressive force acts as a passive factor 
that cannot be controlled during the operation of the TENG. However, the 
different shaped structures created on the surfaces can help reduce the cost of 
the contact force required [6,9].

In this study, we developed a triboelectric nanogenerator based on 
nylon and polysiloxane films with a triboelectric effect and investigated effect 
of surface structures on the performance of TENGs. Different size of pores 
were introduced onto the polysiloxane film by selective dissolution of different 
sizes salt crystals which were sprinkled on the film. As a result, pores of 
various micro-sizes with spherical and cubic shapes are formed on the surface 
of  polysiloxane film. A comparative analysis of the output parameters of 
TENG based on nylon with ordinary polysiloxane and polysiloxane films with 
a porous structure was performed. Studies have shown that the creation of 
surface structures and their small size have a positive effect on the performance 
of TENG and lead to an increase in its output parameters [10].

2. Experience and materials
2.1 Fabrication of materials

This research work consisted of two stages. In the first stage, 12.50 g of 
polysiloxane is mixed with 1.3 g of cross-linking agent (Organic tin catalyst) 
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for 15 minutes. The well mixed polysiloxane is applied to the prepared alu-
minum foil by drop casting. The prepared sample is 

Fig. 2. (a) Description of unsalted polysiloxane (b) Description of salts of various sizes sprinkled on 
polysiloxane (c) Descriptions of polysiloxane salts after washing with distilled water.

dried at room temperature for 24 hours. In the second stage, the experiment is 
carried out in the same sequence, but after the polysiloxane is applied to the 
aluminum foil, crystalline salts of different sizes are added to its surface. The 
samples are also dried at room temperature for 24 hours. After the samples 
prepared in the second stage are dried, their surface is washed with distilled 
water until the surface salts are completely dissolved and separated. Because 
polysiloxane itself is insoluble in water, the salt is easily removed from the 
surface as a complete solution in distilled water, resulting in microstructural 
pores of various sizes on polysiloxane. Nylon (nylon socks, nylon 90% and 

triboelectric material. It is made of nylon material by cutting a square piece 
measuring 5x5 cm. The resulting nylon layer is then glued on Al foil using 
double-sided glue. Both materials are inexpensive and easy to obtain.

2.2  Fabrication of triboelectric generator
Nylon and polysiloxane sheets are used in the manufacture of 

triboelectric generators. In the same way, the polysiloxane layers obtained on 
Al foil measuring 5x5 cm are cut and a triboelectric generator is made together 
with nylon as shown in Figure 3a[11]. Figure 3b shows a description of the 
prepared TENG. Nylon and polysiloxane are considered good triboelectric 
pairs because, in the triboelectric series shown in Figure 3c, they appear to be 
located at points farther apart than each other [12].
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Fig. 3. (a) Obtaining triboelectric layers (b) Description of prepared triboelectric 
generator (c) Triboelectric series containing nylon and polysiloxane.

2.3 Characterization
Surfaces of polysiloxane films were observed with an optical micros-

cope (Metallographic - biological microscope CARL ZEISS AXIO LAB A1). 
To perform the electrical measurements of the triboelectric generator, a circuit 
was assembled on the breadboard as shown in Figure 4a, using one current 
rectifier, a series connection of 12 resistors with a resistance of 10 MOm each, 
and connecting cables. As shown in Figure 4b, tests on a triboelectric generator 
based on polysiloxane and nylon materials were performed using a digital 
multimeter (DMM6500 6-1 / 2 digit multimeter, Keithley). Temperature and 
relative humidity during the analysis were 28 ° C, 45%, respectively.

Fig. 4. (a) Description of the circuit for electrical measurements of the triboelectric generator 
(b) Tests on the triboelectric generator
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3. Results and discussion
Figure 5 shows how salts of different sizes affect the surface of 

polysiloxane during the study. The salts sprinkled on the polysiloxane 
penetrated it. As a result, when the surface is washed with distilled water, salts 
are released from the surface, and thus pores of various shapes and sizes are 
formed on the surface of polysiloxane. As shown in Figure 5b, the structure 
formed on the surface of the polysiloxane film is cubic and spherical in shape, 

re 5c, the pores still 
formed on the polysiloxane layer are close to spherical and cubic shapes and 

-sized 
crystalline salts have a spherical, cubic, and slightly mixed shape, as shown in 
Figure
voltage-time graphs of a triboelectric generator created using nylon with 
polysiloxane layers with a microstructure and also no structure on them were 
obtained (Figure 6a). Experiments were carried out first on the polysiloxane 
film with no structure on it, then on polysiloxane films with decreasing pore 
sizes, and finally on TENG based on the mixed polysiloxane film with mixed 
pore sizes. As a result of the experiment, the TENG voltage time graph is 
shown in Figure 6a. In the experiment with unstructured polysiloxane, the 
maximum voltage value was found to be 14V as shown in Figure 6a (I). As 
shown in Figure 6a (II), this value increased to 16.5V due to the cubic and 
spherical porous structur
polysiloxane film. As shown in Figure 6a (III), the voltage value increased 

voltage value was around 18V with the mixed shape and the average pore size 

shows the current-time graphs based on experiments performed in the same 
sequence. As seen from Figure 6b (I), the maximum current value in the 
experiment with 

the polysiloxane layer. As shown in Figure 6b (III), the maximum current value 

ed on a mixed-

from the graphs that the effect of the microstructure created on the surface of 
the polysiloxane material gives better results than ordinary polysiloxane. Also, 
as the size of the structure decreases, its voltage and current value increase. 
This is explained by the fact that micro-structures formed by salts compared to 
ordinary polysiloxane create additional load centers on the surface, as well as 
an increase in contact areas due to the uneven structure on the surface, which in 
turn has a positive effect on tribeelectric generator output parameters. shows. 
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The effect of mixed salts can also be explained by the same physical approach. 
In addition, it should be noted that the amount of salts used at this stage is 
higher than others, which has led to an increase in the density of surface 
structures.

Fig. 5. (a) Unstructured polysiloxane (magnification: 800X) (b) structures by small salt (NaCl) 
(Product Code: 135873_azersun) (magnification: 200X) (c) structures by smallest salt Product 
Code: 64761_azersun (200X) ( d) structures by mixture sizes salt (Product Code: 
64760_azersun) (200X)

Fig. 6. (a) Voltage graphs of the triboelectric generator in the resistance circuit R = 120 Mohm: 
no structure (I), small size (II), smallest size (III), mixture size (IV) (b) in the resistance circuit 
of the triboelectric generator R = 0 current time graphs: no structure (I), small size (II), 
smallest size (III), mixture size (IV)
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4. Conclusion
In this study, the performance enhancement of TENGs due to structures 

on triboelectric films has been investigated. Structures were introduced by 
sprinkling salt crystals of various sizes on viscous polysiloxane precursors and 
selective dissolution of salt crystals after solidification of polysiloxane films. In 
the experiment with unstructured polysiloxane film, the maximum value of the 

spherical and cubic pores formed on the surface of the polysiloxane film by the 

maximum voltage values were 16.5 V and 18 V, respectively, and the current 
al, cubic and mixed cases with an 

respectively. Summarizing all these results, it can be said that, when the salts 
sprinkled on the polysiloxane layer are washed with distilled water, porous 
structures are formed on the surface. Such a porous structure has been found to 
be more effective than conventional polysiloxane. Thus, as can be seen from 
the voltage and current graphs of the triboelectric generator, the reduction in 
the size of the surface structures also has a positive effect on the performance 
of the TENG. As a result, it should be noted that the application of micro 
structured materials to triboelectric generators gives good results.
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